ARE UTILITY FUNCTIONS BOUNDED?
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Let A = {al, 8h1 + 4 .} be a sequence of possible outcomes one is
interested in (e.g. income levels, votes, population killed in a war,
unemployment, etc). A prﬂbébility distribution over A may be represented
by a sequence Pys p2 «ss 3y Where Py is the probability of outcome a_,

(p, > 0, all n, and Py *Pyt ... =1). The basic problem is to describe
the structure of '"rational' preferences among different prnhahility.dis-
tributions over A. Write P 2 q if probability distribution p is preferred

or indifferent to distribution g, Assume > is transitive and reflexive,

but not necessarily complete (i.e, there may be non-comparable distributions).
> stands for strict preference,~for indifference,
A utility function u = A= reals may be represented by a sequence uy,
Ups « o oy where u is the utility of outcome a_. For given distribution
P, the expected utility is Pp Uy + P, YU, G R

Distribution p is preferred or indifferent to g on the expected utility

criterion (notation p > uq} iff Py Uy +pyu, +.a 2 @y tg,u, ...
The trouble is that either or both of these ser¥ies may be infinite

or undefined if u is unbounded. To gain more comparability we change the

definition to read.
P> 4 1£ff {pl - qu u, + {PE - qg] u, + . + « =2 0 (absolute convergence).

Say that utility funmetion u represents the preference order > iff

[P 9 & vzl

We now list some plausible axioms that a "rational" preference order

should satisfy. First some definitions.
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Distribution p is finitely concentrated iff P 0 for in all but
a finite number of indices n. A sequence Xq5 EE’ ss+ 15 monotone iff

X)] £ X, % veay OF xllg Xp Z #++ « Let P be the set of all Probability

2
distributions on A, and let F be the set of all finitely-concentrated

distributions on A, g standes for set membership,
Axiom 1 (finite comparability) Any two finitely-concentrated distributions
are comparable (p 2 q or q > p).
Axiom 2 (strong independence) Let P> q' 6 F, p'', q'' € P, with p' > q'
and p''~~q'', and let 0 < t < 1; then
[ tp" + (1-6) p'* 1> [ tq' + (1-t) q'" ].
Axiom 3 For all p', q' € P with P' > q', there exists p''y ¢'' € F and
0 < t<1 such that q'" > p'' and
[ tp' + (Q-r) p'' ] > | g .+ (1-£} q'' 1.
Axiom 4 (Archimedean) let Ps q 6 P, and let Pper Gy IR ey DB

sequences in F such that
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for all outcomes a g A; also let the three sequences pk{a}, qk(a],
[PkEaJ - qk{a}], E =1,2, vy Dé monctons. for el outcomes a € A;
finally, let Py > Gy for all k =1, 2, -++; then it is false that q = p.
Axiom 5 (maximal comparability) Let ="' be another partial ordering on P
satisfying axioms (1) through (4), and such that, if P> q then p >' g,
and, if pagq then pr! q; then > and >' are identical.

Fundamental Theorem: A preference order > gatisfies axioms (1) through

(5) 1if and only if there exists a utility function u (not necegsarily

bounded) which represents >,



