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TCWARD A THEORY CF POPULATICHN D DISTRIRUTION 

In the fcllowing, only ageregate populati-ns and vopulation 

densities are treated, no varistions by age, sex, e%hfiié groun 

or economic status being considered, Cnly United States data ars 

used, but we hope that the results are of more general apolleabllity. 

The tentative nature of all conelusions reached will be only too 

obvious, 

The best known generalization shout popuiation distribution is the 

Rank-3ize law, which states that if the cities of a reglon ars 

ranked in decreasing population order--the largest being 71, the 

next largest #2, etec-~then the product of a eityts rank and its 

size 1s a constant for all cities, at any nmement of time. This 

rule was observed as early as 1913 by Auerbach, later by Lotka, 

Singer and Glbrat, and stressed (or made notorious I by Zipft 

(National Unity and Disunltys; H uman Behavicr and ths Princinle 

of Least Effort). As an illuetration, consider the dimtributlon 

of clty sizes for the United 3tates in 1950: 

Size Category Frequency Gumulated Fren. Lower limit x CPF 

1660000 plus 5 5 5000000 
500000-1000000 13 18 gOO0000 
250000-500000 23 b1 10250000 
100000~250000 65 106 10600000 
50000~100000 126 232 11600000 
25000-50000 252 L8l 1Q;¥fl 0o 
10000-25000 778 1262 12620000 
5000-10000 1176 s3fi 12195000 
2500-5000 18L6 28l 1@?1@~0fi 
1000-2500:4 L6 flh%? 889900 

#including urban places aeccording to new definition 

To mpply the Rank-Size law to these figures, we assume that the 

smallest city in any size catesory actually had the population of the 

lower limit of that caterory. The error so introduced is eclearly 

negligible except perhaps for the 1000000 plus category. The 

cumulated frequency down to and includiing a category iz the rank of
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the smallest city in that category. Therefore, according to the 

law, the vroduct of cumulsted Irequency and lower 1imit should bhe 

a constant: the numbers in the last column should sll be the same, 

Clearly they are not; but they are almost the same for s broad 

middle stretch of elties, say from sizes 5000 to 100000. There is, 

furthermore, a charascteristie talling off of the product at both 

the upprer and lower ends of the range--a f'eature which is almost 

universal in distributions of this kind. The same rieneral vpat- 

tern, with avproximste constancy in the middls range, holds in 

fact for all census years from 1790 on. 

It 1s tempting to explain the deviations from the rule by poinfing 

cut that only the politically defined city is enumerated as such 

in the Concus. This nrocedure ovweludes the dense urban fringes 

of the larger cities and so understates the nopulation of the 

"natural” city to which, presunably, the RankeSize rule apnlies. 

Similarly, at the lower end there is W possible svstematiec under- 

enumeration hy excludine neople in the surrounding countryside 

who are directly dependent on the towm. 3easonal shifts in ovop- . 

ulation may be pertinent, lione of this, however, has bheen tested,. 

The gquesticn arises as to whether apatial entities other than 

cities follow a Rank-Size rule. We have graphed the distribhutlions 

for Standard letropolitan Aireas, for countles and fer states, all 

in 1950, SNA's conform rather well, and this time all the way to 

the top, which fact supports the urban fringe hypothesis stated 

above; there 1ls again a characteristic tailing off at the lower 

end. States are less repular, but show aprroximate linearity on 

double~los naper down to state #31, after which they tail off 

drastically, Countles show a marked linsarity down to about 

county ;#2000 (that is, about 2/3rds of the way down, as wlith states), 

after which they fall precipitously. 
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Census year 1790 1800 1810 1820 1830 1840 1850 1850 

k342 1500 38,6 deosly - 283 amea B0 am.2  ageb 
‘%v&&&“filfi; 

  

" L ey 1y e ry s " ANt = e 1C70 1380 1890 1400 1910 1920 1930 1350 
w3 p-Z g oy e e ; S5 Rl e 'E{"‘*'fié i 1,’!3'-4\ 3 5(3& *:' _5:35:1‘,}1 E}.a ‘? E‘f}.g’,’; 213?}' (Z:‘i.a L !.:“E n?‘ .C’:.:i.a f 

After jumplng around a bit in the garly years, the product bepins 

te sebitle down sround 1880, and hecomes 3 remarkably stable 1n the 

20th century. The closeness mey be gxpressed ag follows, i we 

agsume the product was as steble betwesn cenasus years ag in them: 

If at any time in the Z0th cenbury scomeons had glven us the populae 

tlon of the country, we sould have vredisted #s hencs the nmumber of 

citles with more than 5000 people, to within ¥ of 141 Can this be 

a colincldence? The situation ls peculiar because we have as yeb 

ne exnlanation whatscever for thils three-halves regularity, 

We can work the other end of the atick by mak ting the assumptlon 

that we have here a gemuine law for "normal® conditions snd then 

eccrrelating past devistions from 1t with historicsl gltuntions, 

What the product k5%“= refers to s of course the gradual urbanization 

of the country as It becomes £1lled up with neople. The “abnormal? 

situstlon of the 19th century would be the great westward expansion 

of the country which begins on a mass scale after 1P00. Instead of 

£illing up the clties people would move inkto unoccupled territory, 

which would held down # relative to k and wove K2 gahove its 

"normal® value of ahout 21.7 billimn people. The tabls would indie 

cate thaet the greatest pereentame wesitward expansion cccurred in the 

decade 1810-1920. The movement was retarded in the Oivil War decade 

C70.  Finaelly, "sbnormal" conditions come to an end with the 

closing o¢f the fronbtler arcund 1890, which accounts for the stability 

T s £ d 

iat 

  

the product since then., Mk of course this iz all = 
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S0 much for the data. They are intrigulng and somewhat mysterious, 

snd call urgently for an sxplanation. Ideally one would like to 

have a theory from which bthe nrevious results and others could bs 

derived from the moximlzing behavior of the multitudes of indivie 

dual aetors whe make up the populsticn. Infortunstely sueh a theory 

dees not exlst at the moment. Bebtwesn this idesl and our dstd, hows- 

ever, there can be tfiudt”ULt“d several dntermediate levels of explan- 

atlon~«in partleular, explanstlon by migratory pra@anfiiéies. Thise 

Is the reslm with which the remainder of thils paper will concern ite 

gelf. Bubt first we must take n eloser look ab the Hank-%ize and 

ralabted lawe, 

The Hank-3Size law may be written 

i 
(1) RPE equals #, 

vhere H is the rank, Pp is the populaticn of the Rth ranking city, 

# 13 the R-3 constant, and the exponent n equale 1, By substituting 

other values for n we obtaln a related family of lawm, nsmely, those 

which map linearly on a ifl@wlfi% graph. Thus ssctionz of our SMA, 

state, and county distributions may be deseribed by a law of type 

(1) with n not equal to 1, {(In fact, -1/m is the slope of such =& 

graph, with R plotted on the horizontal axis.) 

Equations (1) are, in faect, identical with a family well known to 

economists, namely, the family of Pareto diatridbubions. This 

becomes chvious if (1) is rewrlbtien as 

(2} B equals #P§fi, 

for the rank R is the same as the number of citles (or income-reclp- 

jents) with vepulations (or incomes ) rraater than or ejusl b the 

popuiation (or 5flP me) of the city {or income-reciplent} in ques- 

ticn, The general class of dlstributions (1) or {2) will be referred 

to ap Pareto distribmtions, s opposed to the gpscific H-5 distribue 

tion with n equalllng 1.
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Thecrem 1: Suppose we have two reglons with cities {or {cther 

entitles) distrivuted according to a Pareto law, both with the 

  

14 L T b _—r e ’ HE e d b2 o distributicn will, with small error, agaln be s Pareto distrifubion 

- 

with the same exponent n, and with the comnosite constardt # bdinz 

the sum of the two constants #l and §?‘ 
Lo 

Proof: Taking our law in form (2), a ¢ity of a certaln|size § 

will be exceeded by about #,P"R cities in the first disgributien 

and by about #;P 1ties In the second distribution, hgnee by 

about (# plus ;;E}P“‘fl- Sne sl RED 

(These nroofs are not exactly rigorous, but instructive [nonetieless}). 

The theorem extends immediately to a composition of any [numbed of 

separate Pareto's, providing they all have the same expquent i. 

In particular, the composition of any nuwrber of RS disfributfons 

glves azaln an R-S dlstribution. 

This persistence of the Pareto laws is one of the great [secreflls of 

their ubliouity. As an apmlication, suppose we have fourd that 

cities of a certaln reglion cobey the R-S law., Then if tHey ard dis- 

tributed randomly cver the reglon, a cosrser meshing of jsubdidisions 

would again have the R-S distribution, providing about fhe sarfe num- 

ber of cities are cafight in each reglon of the meszh. THis godgs 

part of the way to explaining the rough perslstence of Yhe R-I 

distribution among SMA%s, countles and states--which digtribufflons 

are, however, distorted by othsr factors, notably by ardal digersity, 

%
 bt
y It 1s an Interesting empiriecal auestlon whether the converse 

Theorem 1 holds; that is, given an overall Pareto distributlo, 

vhether a certain partitioning of the elties wlll vpresenve thy     distribution, after reranking, in each of the nartitiong. In  
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particular, are cities still R-S distributed within each of tH 

states separately. While this apnears likely on the basis of% 

1, we have not yet put it to a test, 

It 1s important for most deeper Investigations to move from the 

populations of citles to the underlying varilable of wnopulatio 

density. For example, it is probably more fruitful theoreticf 

trary boundaries., In particular, this 1s important with greatf 

urban areas, where the cities snill over their poditical bord 

iIntc urban fringes, conurbations, satellite clties, ete; and @ 

merge In the countryside. 

There apvears to be little known on the important subject of 

populatlion densities, Stewart (Empirical Mathematlecal Rules. d 
  

a cireular area surroundinz New York with that point on the r }, 

and so, therefore, 1ls the rural density at that point. But a1l 

1dgher rural densities will tend to fall within this area, andg all 

Lower outslde 1t, since these vary positively with potential.



How think of the country as heing chopped up Yy a zridwork into a 

great many little regions of esusl srea, We want to rank these 

according to density in descending order, We will very soon he rid 

ol all urban densities, since these aress cover something 1like 2% 

of the country., ihen we berin ordering rural densitles, we will 

tend to unwind them frcm the area surrounding New York, 3y the time 

we et to our little area on the rim, we will have counted, approx- 

lmately, all the little chumks within that cireulsr area around 

Yew York, This number will be oroportional to that area, since our 

gridwork was constructed with all chunks of equal area. But we Als- 

covered above that, by Stewartts rule, the denslity of the litile 

rim area was Inversely proportional to the circular ares.. This moansa 

that the density of the little rural chunk is, saspvoroximately, ine 

versely nroportional to its rank-~in cthep words, that rural densi- 

ties obey the Rank-3ize lawl (This mirht be called the Rank-Density 

law). So our tortucus (and perhaps torturcus) chain of reasoning 

has carried us from Stewart's rule bacYk to familiar territory. 

What about urban densities? liere our theory 13 in bad shape: 

Theorem 2: Assume thst cities are R-3 distributed, that the density 

varies as the Qth power of the populaticn of the city, where 

1 exceeds Q exceeds zero, and that density &s uniform over the ares 

of the city. Then 1f citles are chopved up by an squi-areal sridwork 

as above, the chunks will follow the Rank-Size law with small error. 

Furthermore, the R-S constant for this distribution will be #/3, 

where # ls the Rank-Size constant for ths original city distribution. 

The proof s omitted as non-edifying. 

Stewart clalms that the power assumption i1s good and that the value 

of Q is sbout 1/, Be this as it may, the other assumption, that 

cf uniformity, is definitely bad. Unfortunately, we have not been 

able to prove the theorem yet under more realistic assumptions...



Paden 

P
y
 

Trn
see

nt”
 

O 

(Example of a more reslistic assumption: that the povnulation den- 

Sit}’ within = city fOf}_lOE}Q a bivariste t-distributicon: in nartisular, 

8 bivariate Cauchy distribution. s=e below) 

If it turns out that population Aensities rfollow the Rank-5ize rule, 

ag seems probable from the above considerations, the next sten would 

be to turn the triek and derivie 21l other spatial R-3 distributions 

from this cne, by the use of Theorem 1 and otherwise, 

We turn now to a deeper level of explanation: by mieration, The idea 

i1s to exnlain existing dlstributions as equilibrium natterns of cer- 

tain migratory nropensities. 

In this connection we make tha followlng comment on Pareto laws, 

-
 hese are found in a great many queer places; for example, in the 

distribution of incomes, of words in books, of number of secientifie 

papers published, of firm sizes, of blological gpecles per renus, 

even perhaps in the distribution of fragment sizes when you smash a 

beer bottle on the rround. Such dlverslty is not mysterious, but 

merely indicates that a falrly simple probabllity mechanism underliss 

thege manifestatlions, as Simon has convineingly argued (Cn a Class of 

Skew Distribution Functions), Por the same reason the normal and 

Poisson distributions pop up everywhere. But it has becoms apDAr- 

ent that the probabillty mechanisms which zenerate Parebo laws are 

many and varied. It i1s likely that different mechanisms are opera- 

ting in different circumstances, How then are we to find the right 

one?--by stressing, in the case of city size and other such distrie 

butions, exactly what distinpuished them frdm other Pareto dlstribu- 

B ¥
 

iy 

tlons, namely, that they are distributed in space as well as slze, 

and that the location of places vise-a-vis each other 1las of prime 

importance in establishing their size distribution, 

As a oreliminary we estsblish an imvortant conditicn which is
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equivalent to the Rank-Size Distribution: 

Theorem 3: Divide c¢ities inte slze strata as follows: take as 

dividing points populations of sizes x, x=vy, xgg,...xyi,... 

(x exceeds zero; y exceeds 1). Call the class whose populations 

lie between xyl-l and xyl the i-th stratum of cities. Then the 

fact that the cities follow the Rank-3ize law implies that the 

total pupulationsof each of the strata are equal to each other, 

The converse is true i1f y is erbd&-torl, 

Froof: The R-S law states that the number of cities greater thah 

population P is #/P. Then the density of cities at P is-d(#/F)/dP 

which equals #/Pa. The number of peonle 1n cities with populations 

xyl-d between xyi”l and xyi 1s, then, § f(#/Pa)dP which equals 

#log(xyl) - #log(xyi-1) whieh equ§§s~#10gy. Rut this is Independent 

of 1, so all strata are equal, ED The converse is omitted, 

Theorem li: Write Py for the population of the i-th stratum; 

wrilte prob(m:n) for the probability that a person living in an m-th 

stratum city will move to an n-th stratum city in unit time. Stratify 

with y ¢lose to 1 (i.e. take very fine strata}. Assume an upper 

and lower bound to c¢ity sizes. Then the relation prob{(m:n) equals 

prob(nim) will generate a Ranlk~-Size distribution. 

Indication of proof: The number of people migrating from stratum 

m to stratum n in unit time is expected to be Pfiprob(m:n). If P, 

exceeds P, then Pyprob(min) exceeds Ppproh{n:m), since the probabil- 

ities cancel; that 1s, there is always a net expected migration from 

a greater to a lesser population, Therefore, the most highly popu- 

lated stratum will be losing population and the least populated will 

be gaining. The equilibrium obtains only when all populations have 

the same value, and this 1s clearly stable. But by Theorem 3 this 

is equivalent to a Rank-3ize distribution. QuD (The proof must 

be modified if some probabilitles are zero; the theorem is then fals
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‘his Theorem nrovides a fundamental orobabillty mechanisg 

ienerating R-S distributions, and one that is extraording 

slmple., Much can be done. with 1t. 

A Rank-3ize distribution in equllibrium conversely implifs that 

rob(min) equals prob(nin), if only we assume there is n "rulti- 

lateral"” equilibrium., This is an eminently reasonable sksumption 
“or ordered distributions such as we aré dealing with. 

ie may work Theorem I backwards and ask what deviationa} rom the 

rrobability rule are irplied by observed deviations fromfthe RS 

‘ule. But we have done nothing along these lines as vet 

e preceding theorems go thru identically if we substit 

:16dtr densities for population. : 
/e come now to the specific form of the migration funeti 

‘ariables which avpear most nertinent in determining the 

:11ity that a person will migrate from one location to a 

nit time seem to be the population denslty of destinati 

opulaticn density of location, and the distance; the prgbability 

‘eingz positively related to the firat and negatively to ghe last 

Wwo. (cf. Felson, Mipration, Real Income and inforfiatio ) 

‘irst some comments om the meaninge of these terms, Disfance 

hould not be measured as the crow flies, but rather fundtionally, 

8 a measure of the facility of communicaticn detween tw points. 

'or example, in the o0ld days the dlstance from New York fo California 

‘hould perhaps have been measured around Cape Horn. Moupgtailns and 

eserts might give functionally infinite distances at low levels of 

echnology, these shrinking to feorraphlie oroportions wigh airnlsne. 

1so, nolitiecal barriers must be taken as Increasing dis§ances. 

‘ther examples will cccur to the reader., It becomes nquedtionsble 

“hether these varying effects can be summed up in 2 singfe Alstance 

variable. Cne can only try as a first avproximation; Inffact, pauecity
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of data force us to use geographlical distances in spite of all, 

As to density, we have flrst of all the familiar distinetion 

hetween the residential and the cccunatlional city, This c¢an bs 

carried further: we hawe the recreational city, the week-day vs, 

week-end city, the day va, night city, the summer vs, winter clty 

--and so on, for gll the rhythms of our round of care, We can 

fgrasp these diversities into one concept by defining the density of 

a locatlon as an appropriate time average of the momentary density. 

In particular, a location may have a high density even if its popu- 

lation is completely transient., Examnle: s busy highwey in the open 

country 1s a location of high density. In fmet, sueh locations 

attract misrants as any stable nopulation center would--in the 

form of filling stations, diners and motels. A erossroads locatian 

1s doubly dense, and is evidently a rather attractive spot, Breaks 

in transport routes are extremely attractive, a great density 

resulting from the dead time involved in moving freight from one 

carrier to ancther, In fact, 1t Is exactly at such breaks in 

transport that great citlies tend to arise, as Cooley neinted out 

long ago. The measurement of densities in periodie variation is 

a deep problem, and in fact a theory is walting te bhe created at 

thias very spot. 

A migratlion law based on the threec varisbles 1s capable of explain- 

ing in a rough qualitative way Jjust about all the distributional 

phenomena we come across which Involves only aggregate vopulations. 

(That 1s, excluding differential distributions of diffsrent seg- 

ments of the povulation, such as segregatlon, nunneriles, old ladiles 

homes, Palm Beach, etc,)} For examnle, it can explain the fanning 

out of e¢ities aleng transport routes, the longitudinal distortion of 

nearby population centers toward each other, the growth of satellite 

citles, urban sprawl. The cruciasl test 1s, however, the quantita-
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tive cne: can the theory predict the sctual dlstribution of 

densities in space, and their rates of flow over time? 

Let Dij be the distance hetween noints Ly and Lj, 

the respective populaticn densities {these are not ldentical with 

and Py and pj 

Py and Pi of Theorem l, first because they are denslities, but more 
.~ 

imvertantly, because they refer to individual locations, while Py 

-
 

< and Pj refer to atrata Aistributsd over the whole counbry). 

Consider first of all the hypothesis that prob(i:3) 1s equal to a 

function of the form p%p%f(i,j), where £(1,3j) is a symmetric func- 

tion of the variables (that is, 1t equals £(J,1) identically; for 

example, a constant, or a function Involving distance) snd A and B 

are constant., This ilhself is a strong hyvothesls, and furthermore, 

a readily testable one, We put thls in theorem form: 

Theorem 5: Let uij represent the gross misration from location 

Lj to loecation Lj. If the law of mizration is of the form 

oreb{izj) equals p§p§£(1;53, where f is symmétric, then for any 

three locations Lys Lj, L;, we have Mg ¥kl enuals Miwhystiyg. 

That 1is, the product of zross nigrationsin the clockwise order 

enuals the <roduct cf zross misretions in the c;unterclackwisa 

order. 

Froofs Consider the nroduct proh(i:j)prob(jitk)prob(k:1). It 

equals pi P08 B}'}‘} plue BA ol Do aupskonlla)s b chls 
obviously equals also »rob(1:k)prob(k:j)prob{J:i). fultiply both 

sides of the probabllity vro”uct equality by Pip joks palr them off 

with their respective prohahilities by orisin (e.g. pierob(i:]i) 

which equals mij} and the ceonclusion follews  2ED 

The migration product rule has not vet been tested. 

Supposing that the hynmothesls has survived this severe test, we 

pass onvard to a more restricted form of the hypothesis. We
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suppose that prob(i:j) is nroportional to p%p?égj. Is there any- 

thing we can say about the relaticns amonr; the exponents A, B, and ¢% 

There is, given certalin very plausible assumntions. 

de need, flirst cof all, the asswiption of what may be called a 

Christaller distribution in space of ecities (Christaller, Die 

Zentralen Crte in Sdddeutschland as revorted in Ullman, A Thegfy 

of Location for Cities). This is a roushly regular distribution, 

with a tendency for cities of like slze to distribute themselves in 

e hexsgonel lattice pattern., There need not be the sane density of 

citles thruout the region, but if not the density of all city sizes 

must go up and dovn in the same provortion in the wvariocus subrepgions. 

Further, we require that cities of different sizes be distributed 

at random relatively to each other., This ascumption seems to vio- 

late the loglc of the Christaller distributlion. As a matter of 

fact, our theorem can follow from precisely the opposite sert of 

agsuniption, namely, that =21l clties are Folsson dlstributed ovar 

the reglon. This assumption too may be modifiel by allowing = 

variable Polsson parameter in diffsrent subresglons, providing 1t varies 

in proportlon for all city sizes. The Polsson assumption ~ay turn 

out to be a good one overall, for while migration tends to make 

similar densitiles agplomerate, the Christaller data reveal a ten- 

deney for citles to deglomerate, 

Next, stratify cities as in Theorem 3 (»,10 ahove). Choose ¥y 

close to 1. Assume probidm:d) eauals probifi:m), which by Theorem 3 

is equivalent to Assuming the Rank-Size law, Then 

Theorem 6: If the above assumptions respectins the form of the 

migration law, the modified distribution of cities in space by a 

Polsson law, and the palred squality of migration probabillities 

between strata are gatisfisd, then 2(A-B) equals C. 

Indication of proof: A serious notational confusion may arise at
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this point, becsuse we are dealing with misration probabilities 

between individual cities and between strata at the same time, 

We use vrob(i:j) to refer to individual ¢ity intermlgration, and 

prob(m:n) to refsar to stratum intermigration. 

The migration from the m-th to the n-th stratum is the swmatlon 

over all possible pairs of cities, the first member located in the 

n-th stratum and the second in the n-th., Since ¥ has heen chosen 

close to 1, we may, with small error, set all cities in the m-th 

stratum at the same powulation, namely xy™, and similarly all cities 

in the n-th stratum at xy®, WNext, distances: we want the mean dis- 

tance from a given m-stratum city to each of the cities in the n-th 

stratum, The fellowing theorem may be obtained fronm probability 

theory: when points are Poisson distributed in 2 plane, the mean 

distance to the k-th nearest noint is a certain functicn of k over 

the square root of the density. The total population of the n-th 

stratum is #logy, by the proof to Theorem 3. The number of cities 

in this stratum is, therefore, #lomy/zy®, If the total area of the 

region is E, the density of thesé citles is #logy/xyPE. The mean 

distance to the k-th nearest point is proportional to {xynfif#lagy)%. 

Substituting all this in the migration law we get prob(i:}) equals 

(xym)A(xyn)B(xynE/#logy}%G times some constant depending on k. 

Add this up over all k; by symmetry, this surmation equals prob(m:n). 

Therefore 1t equals prob (n:m), But this, conversely, enuals a 

similar summation =i »c over a factor ixyn)A(xym}B{xngffilcgy)%a 

times some constant depending on k. These same constants rscur 

on both sides identically; variations of density will again introduce 

the same factors on both sides. It follows that the two factors 

must be equal., Cancelling, this reduces to n(B plus £4C¢ - A) 

s
 equals m(B plus #C - 4), whence 2{A-B) equals C. D
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Can we Infer anything further about the exvonents, other than the 

relation 2(A-B) equals C? There is a falr anount of svidence that 

je
el
e C is very close to -2¢ (a) VYelson's data, while souiveeal, indicste 

that A-B is in the vicinity of -«1, from which € squals -2 would 

follow by Theorem 6; (b) A plausible a priori assigmment of wslues 

fo A and B would be A equals zero, B equals 1; (c¢) Reilly's law of 

Retall Gravitation (Methods for the Study of Retzil Helationshins) 
  

~-vhich we have not investigated, states that the bresking coint 

between two shopping centers, where they divide customers equally, 

1s the point where dlstances sguared sre respectively proporticnal 

to vopulaticns of the shopping centers; this implies A equals zero 

and C equals -2B; (d) telephone toll mesaazes seem to fall off as 

the square of distance; (e) ecar and truck trips fall off as the 

square of distance; (f) marrlage rates In the same city fall off 

about inversely with the distance hetween residences of spouses, 

which means they fall off as the square of distance to swecifie 

locations (Bossard); (g) Zipf persisted in fitting a P/D element 

to transport ahd communications data instead of a Pfaz; his graphs 

invariably had a wider scattering than usual, and the bhias iIn 

slope away from the desired -1 were in most cases in the direction 

which would have benefited from a F/D? anplicatlon instead, 

Cn the other side, we know of no data which would serlously embarrass 

the assumption of an inverse square law for distance migratiafi. 

Stouffer!s data on famlily movements are squiveocal; data for distance 

of occurrence of news litems from place ¢f nrinting seem tec slovwe the 

wrong way for a P/DZ correction{but this is very so0ss3ibly a case 

like (f) above, where one expects and inverse D instead; simlilarly 

rallway exvress datsa, . 

There seems to be gome evidence that population densities fall off
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as 1/D? from a population center. This may be implied by the 

Rank-Slze distribution of ponulation densities (ef, the discussion 

of Stewart'!s rule, »p.7-f above). 

The trouble with a 1/D2 rule is the gingularity which ocecurs at the 

origin, which c¢learly corresponds to nothinz real. Cne possible 

remedy, the simnlest, is to replace the rule by a Cauchy rule: 

migration propensities, and urban densities go as 1/(&2 plus DZ), 

which leaves things unaffected at a distance while correcting the 

singularity in - plausidble way. The Cauchy distribution has some 

vropertlies which make 1t more than an exvedient; but this ies all 

gneculation, 

What remains to.be done? Almost everything. Ve need to look at a wider 

variety of data, to cheek our various hypotheses at their testable 

points. A theory of change over time is almost wholly lacking. 

The migration concepts have to be amalgamated with vital statidties, 

International comparisons would prove useful., The problem of 

compound migrations has to be faced, Correlation with other spatilal 

variables, especially with land rent, income and capital density 

should vrove illuminating. A theory of periodic fluctuations and 

migration waves might be worked out. A4ll of this hardly scratches the 

surfaée when we come to differential distributions (p.l2 abovel. 

The field is large, and will yield only if laws both close-fitting 

and simple confiinue to be discovered, We don't know 1f this can 

happen, but at least they should be sought after


