
MHZ LOGIC OF PRICE AND PRODUCTIVITY INDEX NUMBERS 

Arnold Faden 

Labor Research Seminar 

Prof Jacob Mincer 

8 Varch 1961



ant @)e 

THE LOGIC C¥ PRICE AND PRODUCTIVITY INDEX NUMBERS 

SUMMARY 

1. The relation between Marshallian surpluses, their genoraliza- 
tions, and measures of agaregate income and wealth are examined. 
The conclusion is that the assumption of 1st degree homogeneity 
of the wealth function is necessary and sufficient to justify the 
usual measures of aggregate income and wealth, but only if the 
price index assumes the special form which we call the Universal 
Deflator, or simply The Index. This must exist only on a world- 
wide basis, must include human capital, and must be weighted by 
stocks rather than flows. 

We argue that, within the framework of our assumptions, the Univer- 
sal Deflator is the only price index with which economic theary 
need concern itself, and that all other price indices are illegiti- 
mate except as avproximations to this one. We then discuss some 
biases vhich are likely to arise in practice, and an example of 
misapplied regional index numbers. 

2. What happens when the assumptions underlying The Index break 
down ig discussed next. In particular we analyse the concept of 
external economies, and, in connection with this, the mysterious 
increasing efficiency of resources which several investigators have 
noticed. 

3. Three Appendices deal with the concevt of a wealth inventory, 
with the measurement of regional price indices, and with the com- 
plications introduced by legs and frictions, respectively. 

SURPLUS, WEALTH, AND THD UNIVERSAL DEFLATCR 

There are two methods commonly Pp 
advocated for measuring value. 
These may be conveniently illus- 
trated by means of the familiar 
supply-demand diagram. The first, 
which is supposed to be more perfect 
in theory but harder to measure, 
may be called the surplus method, 
and takes total gains from trade 
to be the sum of buyers! surplus A 
ana sellers surplus B (we neglect 
income effects for the time being). 0 ig Q 
Even more simply, if we forget about the supply curve, we may 
interpret the diagram as denoting the price of a good as a function 
of the stock of it in existence. Then if Of is the quantity in 
existence, the surplus method takes the total value of the stock to 
the economy to be the sum A plus B plus G (neglecting "wealth effects"). 

The second, which maf be called the national income method, simply 
measures value by the product of price and quantity: in the diagram, 

Bplus ¢. 

These measures become more interesting when one attenots to arrregate 
them for an entire economy. Here the surplus method runs into very
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hot water indeed. First of all the adding up of separate surpluses 
into a single grand surplus is illegitimate: a reclassificatign of 
commodities would lead te a completely different grand value. 

lHotelling makes this mistake in his pioneering article avplying 

surplus analysis to welfare problems "The General Welfare in 

Relation to Railway and Public Utility Rates" Econometrica 1939 
Taxation and 

Second, income or wealth effects, which may be slurre? over for a 
single unimportant article, become of crucial imoortance. ‘then the 
measurement of surplus for even a sinfle article vresents such dif- 
ficulties (because of our lack of knowledge of the shapes of the 
demand and supoly schedules) it would seem that the attempt to aggre 
gate for the whole economy must be hopeless. As ug shall soe, 
Rowever, such a judgment would be a bit too hasty. 

2 shall, a strong advocate of the surplus method, commented: 
seathe task of adding together the total utilities of all 

commodities, so as to obtain the aggregate of the total utility 
of all wealth, is beyond the range of any but the most elabor- 
ate mathematical formulae. An attempt to treat it by them some 
years ago convinced the present writer thet even if the task be 
theoretically feasible, the result would be encumbered by so 
many hypotheses as to be practically useless." (Principles of 
Zeonomics Sth ed 131n) 

The national income method blithely cuts thhough the ageregation 
problem by adding up all the separate price-quantity products, 
avoiding double counting, and making numerous quasi-arbitrary 
adjustuents, the legitimacy of many of which is still in dissute. 
The justification for adding avpears to be expediency: in the world 
the only figures which one has access to are prices and cuantitios, 
and given these the general nationel income approach is ebout the 
only one which can be use to arrive at any figure at all. © 
hoves thet the figure arrived at, when suitably deflated, wi 
vaguoly gonform to the true, but inaccessible, neneralize’ surplus 
measure. 

3cr. the elaborate diseussion in Pigou Toonomics cf Yelfare Ft 

Analysis 

Suppose an economy consists of a group of entities A, B, Cy...) each 
being a person, a machine, a piece of land, etc. Suppose further 
there is a way of measuring the total social wealth WA, B, C,.--) 
and also the total wealth if A did not exist: V(B, C,.- The 
difference between these tro We call the conditional value of A 
given B, C,...: W(A/ B, C,...). From the remainder B, C,... we can 

separate off B in the some way, getting the conditional value of RB 
given Goes: W(B/ C,...). This splitting may bg continued until ©). 

@ entities in the economy have been exhausted, en gf a brenka 

w(A, B, C,...) equals W(A/ B, C,...) vlus W(B/ Cy...) plus W(C/...) 
plus ..- 

{Nete the perfect analogy with conditional probability, 
if only 

products are substituted for sums).



Whie breakdown is exactly the logic behind the surplus approach. 
Me assume that the value of an entity is correctly measured by its 
(deflated) price: that is, we asswne there are no net external 
effects. Now we select all the entities of a given type. ile take 
one unit of these and measure its value by its orice; we then take 
another and measure its value by the price it would nave if the 
first wit we tock no longer existed; we take still another and measure 
the price it would have if the first tvo units no longer existed; 
and so on until all entities of this type have been accounted for. 
As the entities become scarcer these hypothetical prices will vre- 
sumably rise. The total value obtained is exactly the erea A vlus 
B plus ¢ in the diagram on vage 1, interpreting it now in the 
Stock and not in the flow sense. (we stillare neplecting wealth effects) 

It 1s now clear how to generalize the surplus measure. After the 
first type of entity has been fully accounted for, we select all the 
entities of a second type and continue the process: the first unit 
is valued at the price it vould have if no entities of the firat 
type existed; the second is valued at the price it would have if no 
entities of the first type existed and also the first unit now 
measured did not exist; and so on through all entities of this second 
type. ind one goes on in an analorous manner thraugh o11 the remain- 
ing types. 

But what about the wealth effect? As ve break down the economy step 
by step into its component entities the price level will also vary, 
the prices of all entities adjusting to the new relative scarcities. 
To keep vaines comparable it is therefore necessary to adjust the 
deflator as one goes along. The wealth effect 1s essentially a 
problem of the price index, and, as we shall see, ban be ellowed for 
handily by using the Universal Deflator. 

The method outlined above still appears to be imposs 
in practise, Suprore instead « 
directly. In varticular is tt 
expedient naticnal income noth 
any gogd approximation to the true 
pluses: That is, we 7esire to know 

ble to carry out 
attack the azcregate vealth function 

e sny basis for believing thet the 
tional wealth in this ease) is 
ealth function built no sur 
whether 

15) Wy, Xo» Xqreee) equals S, x. 
aap 

vhere the x4 now stand for quantities of the various type: 

in existence, the py for their vrices, S indicates sum 

is the general price index. 

of stocks 
on, and ¥ 

Since we are assuming no net external effects, p,/U measures the 
marginal contribution h of a unit of typé 4. Sut if thie is 
so the equation ahove is Uuler's theorem for 1s: ree homogeneous 

functions. Gan ve then conclude that W 4s 1st “egree he 
Yes, sinca this converse ef Ruler's theoren is also true 

lujiader Advanced Calculus 

Yie therefore conclude that, with no net external effe
cts, a neces- 

sary and sufficient condition for the national wealth method to 

truly estimate total wealth 1s for the wea
lth function to be lst 

degree fomogensous « Ne discuss below the conditions under which



this is likely to oceur. 

The general price index number U is by no means arbitrary, and its 
form may be determined as follows? 

Differentiating the equation above with respect to time yields 

ai ) 2) Ho equate 85 Bide plus $4 x lR/0) 

But also 

ul Sad a cece OAR = pidxs a) de esuale 84 Saat equels Si ae 

Therefore 
(p4/U) 

k) 84 x1 at equals zero 

This differmatial equation may be solved for J to yield 

ue") 5) FEY equals ex 

This is the Divisia-Roy index mmber.5 One may verify that it 

Spavis Theory of Reonometrics 

satisfies all of Fisher's desiderata for index numbers. It does sc 
by depending not on the values of prices and quantities at the end- 
points of a time interval, but on the entire paths of prices and 
quantities over the interval. If price and quantity data at f 
close intervals are available the Divisia-Roy index nurher may 
approximated by_a cheined-link index, the 
Any conventional index may be used for the links s 
verge as the number of links increases. 

Implications 

Measurement of vealth by the surmation of price-quantity products 
requires that we locate a lst degree homogeneous wealth function 
and use the right general price Index deflator. The first require- 
ment means essentiall¢ that the economy must be comprehensive and 
closed. Vor example, is it correct to exclude human beings from the 
stock of wealth, as is almost always done? If the stocks of all 
items of non-hwnan wealth doubled and the stocks of human beings 
also doubled, then total rerlth will heave doubled , in the absent 
of economies of scale. But if only the former occurre’, then the 
value of non-human wealth will have less than double?, because of 
its growing abundance relative to Iwsan beings. (One may, if one 
likes, express this by saying that the marginal utility of money 
has declined; then this approach provides a method for measurinr 
that decline}. Again, suppose all the wealth in one region of an 
interregional trading system doubles in quantity; will it have 
doubled in value? No, because the terns of trade would move ag 
that region. In short only a closed economy can hope to have & 

inst 
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“1st degree homogeneous wealth function, Since there are no closed 
economies short of the entire world, the entire world must be con- 
sidered. (see Appendix I for problems arising from the measurement 
of wealth on a comparable internaticnal basis). 

This may appear to be a tall order, but once the zenerrl international- 
human-capital-vrice index is established, a great compensating advan- 
tage appears: we may dispense with all index mumbers othor than Uj 
U is the factor making our nuneraire measuring rod comparable with 
Etself over time, snd with this one adjustment all comparisons may 
be made in undeflated terms. (The existence of lags and frictions 
make some qualifications to this bald statement. seo Appendix III). 
One may dispense with the medley of wholessle-price indices, cost-of- 
living indices, regione? orice Indiced, ete. In fact, we will wake 
a stronger statement. In the sense in which economic anents are 
supposed to adjust to real values rather than money values (no "money 
illusion") it is erroneous to deflate by any index except U to ro 
from money to real terms, In this sense ve may refer to Yas the 
Universal Beflator, or simply The Index. 

An example to illustrete this last statement. Consider two trading 
regions, one of which has both wages ani the cost-of- livinr higher 
than the other by say 20%. Are standards of living, or rather real 
wages,equal in the two regions, as a cost-of-living deflation would 
indicate, or are real wages higher in the higher money wate region? 
The Index would indicate that the latter conclusion 1s rirht, since it 
is the same everywhere at a given time, sc that no space deflation 
is legitimate. In fact the worker in the high wage region is better 
off, since he can live in a manner identical with a worker i the 
lower region, retire with 203 higher savings, and live better after 
moving to the lover wage region (providing transport costs ars not 
too great). Or even more clearly, he can remit part of his ware to 
his mother living in the lower rerion, If money itself is costly to 
transport, ve must take money in the two regions to be two separate 
currencies, and when money wages are reduced to this single numeraire 
the 20% agio may prove to be illusory (see Appendix I). Further, in 
influencing a worker's decisions to migrate or stay at home the cost 
of living will of course play a rcle, but not as all as a deflator. 
The worker, if he behaves as a rational firm, will max’mize his present 
value, and this means, anoroximately, makimizing the difference 
between his wage and his pure consumption (not productive constmnption) 
with no interregional defletion, In the case of a firm deciding where 
to locate this is even clesrer. (This analysis must be modified if 
lags and frictions exist. see Appendix III) 
The cuantity weights x; in equation (5) which zo into the Universal 
Deflator are stocks, not flows. It might be thought that this is 
due to our having chosen wealth to deflate, and that if we had wo 
with income or saving, which are flows, we would have obtained flows 
as weights. This is not correct. Bquation (3) is the formtla for 
the rate of wealth accumulation; it is identical in form with equation 
(1) for the stock of wealth, end has the identical doflator, 
therefore reaffirm our conclusicn that the single Universal frice 
Index should have stocks for veights. This is significant in vi 
the fact that just about every index number in use uses flows as 
weights--production, consumption, sales, etc. 
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Will the pervasive use of flow rather than stock weights introduce a bias into commonly used index numbers? It will if the ratio of flows to stocks over types of entities is correlated’ with price changes. The ratio flow/stock is hirh for perishable goods and low for durables. But there is no reason to believe that price changes are co: with perishability. The ratio flow/stoel is probably hizh for rapitly expanding goods, These as 1 group probably have declininc prices because cf rrowinr economies of scale. Conversely the ratio will be low for declining goods, it is hard to say whether these as a 7roup will have any special price movements. ‘he second factor is the one which appears to lead to a dias, and would lead us to believe that, because of the overweiehtinz of declining prices, most price indexes in existence have a downward Diss. 
There is another factor which 1s supnoge to bias price indices in the opvosits direction, and that is quality change. ‘hat apponre to be 2 rise in price is actually a response to a quility improvement, and should not be counted as a price rise at all; and conversely for quality deterioration. Since the bulk of quality changes seem to bé improvenents, a net upward bias ts introduced inte the price iniex. The argument is valid and applies to both stock-weighted and ?low- weighted indices, and hence to The Index. The remedy is a finer grading of entities: quality variants of the same type in the original 
grouping are to be counted as separate types.° 

$ ‘as recommended by Stigler Tranis in Output an? Snployment 
What this means in vractice is that entities undergoing important 
quality changes should be omittei from the link index. Since these 
would show price rises, their omission removes the u rd bias from 
the index. In fact, however, if we had a sufficiently fine xrading we would probably find the prices of soods with rapid quality impreve- 
ments actually falling, since the old grade is becoming obsolete ani the new grade is subject to growing economies of scale. Even com- plete omission, therefore, will probably still leave a residual up- werd bias. ‘The correct solution, as statei above, is finer Rrading with complete inclusion. 
The above discussion applies to what may be celled tangible quality improvements. Intangible quality changes raise issues of = mich nore profound charactar, an’ will be discussed berom 
EXTERNAL ES, PRODUCTIVITY AND EFFICIaM 

Ne not: exerino the assumptions upon which the preceding analysis rests: absence of net external effects and first order homozeneity of the wealth function, We consider the entire closed world economy 
and count in human beings as wealth, so that these imediate objec- 
tions to 1st degree homogeneity are eliminated from the start. 
This clears the way for the consideration of econoriies of scale, 
external economies, increasing returns, or whatever you wish to acll 
it. These economies are to be distinguished, farst of all, from 
external effects. There can exist external effects without increasing 
returns: for example, in a monopoly, Carrying through the previous 
analysts for the case of increasing returns leads to an inequality 
in place of equation (5): the change in the index in the time-direction 
of increasing production is less than the Divisia-Roy Index, or 
otherwise expressed, the latter has an upward bias. This is true if no 
whether-er net external effects exist. Conversely, so long as the 
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Wealth function ts ist degre homogeneous the Divisia-Roy index 
number in equation (5) is the correct formula for The Index, 
regardless of the existence of net external effects. 

This has important implications for income and wealth accounting. 
It means that one should proceed naively in aggregation, making no 
corrections for monopolistic distortions, taxes, or other inter- 
ferences with competitive prices. The Universal Deflator takes al 
these into account and still retains year-to-year comparability.? 

®E.7or. Musgrave Theory of Public Finance Chap9, who takes the 
criterion of year-to-year comparability also in avaluating 
different national income accounting epproaches, 
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So much for external effects. |. The problem of increasing returns, 
(OWever, deal, fo¥ on its non-oxistence depends the validity 
of the preceding analysis. 

To describe the state of an economy vy the quantities of the various 
types of entities that constitdte it is to miss most of what zoes 
under the name of organization: the spatial zelations among these 

tities, their knowledze of each other, their coordination. These 
relations, which may collectively be labelled "goodwili"$ clearly 
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augment income. They ave sporadieslly cavitalized by firms, They 
exist on a whole hierarchy of levels, from well below the plant 
level up through the firm, the commmity, the region, the nation 
and the world. This coodwill, however, is not scme non-material 
entity superadded to our stocks of goods, but reflects subtle qual- 
itative variations in these otocke themselves, Spatial relations 
may be accounted for by separating entities by their locations. 

skills are clearly quelitetive distinctions anont 
human be: iss. ‘The upshot appears to be that a very fine 
of stocks of entities vould catch all the goodwill in the nora. 
Since these qualities are so easily over? hara@_to pin down, 
we may refer to stinction 
between tangible and intangible may lde in the high depres of speci- 
ficity of the latter. 

If theee intangible changes are ignored the compari 
with inputs wovld superficially appear to show the existence of 
increasing veturns, or incressing "efficiency" of resources. 

Productivity and sfficiency 

A productivity moasure is the ratio of some output tc some input. 
fo keep mumerstor ani denominator comparable it is advisible to 
take the output which is attributable tc that specific input: 
thus, labor-output over man-hours, or property income over cepital- 
hours. Both of these measures show seculer cains. The labor vro- 
ductivity measure raises nc difficulties of orincivle, being attrib- 
utable to gains in the quality of lsbor and verhaps to the relative 
increase of complementary factors of vroduction, Put the cavital 
productivity rise appears strange indeed. ‘hers are no natural 
units of capital as there are natural unite of lebor, because capital 
comprises a thoroughly heterogeneovs grouo of entities. (The only 

% 
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universal measure available would be tonnage, which is absurd tn 
this context). The queatity of cavital is in fact measured in real 
dollars, But the numerstor is alsom measured in real dollars ver 
unit time, and the ratio should be nothing but the rate of return 
to espital(ff depreciation has been netted out of the numerator). 
The secular rise in cavital productivity, if genuine, would seez to 
imply a secular rise in the rate of return to capital. 

The rate of return to capital is not an easy thing to measure. 
Interest rates are not good measures because of the influence of 
risk, liquidity and taxation factors. ‘The ratio of stock yields to 
stock prices is influenced by these factors and also by sneculative 
instability. legan, however, estimate the rate of return to all 
wealth in general, counting in wealth in the form of human beings. 
This is simply the relative rate of growth of the economy, which 
has been measured at something like 3% per year on the averare 
(Strictly, the whole world should be brought in, but we icnore this 
complication). This relative rate of growth has been fairly stable 
secularly since 1869. This is an indication that the relative rate 
of return to capital has been fairly stable, though not a ver: 
strong one. There is a considerable margin of uncertainty in this 
growth figure, but the conclusion of stability would not be affected 
unless there were a secvler change in the direction of the bies. 
Put the factors which would biss the growth figure--quality improve- 
ments, accumulation of goodwill, use of flows instead of stock: 
would appear to be fairly constant in their influence over time. 
We conclude very tentatively that there hes been little or no 
secular rise in the rate of return to capital. 

This implies that the relative rate of growth of net property inccme 
should about equal the relative rate of srowth of capital, while the 
figures appear to show that the former exceeds the latter. 

Total wealth, as estimated by the perpetual inventory methods is 

Qaoldsmith A Study of Saving in the United Stetes vel I 

the sum of past saving, netting out depreciation. Its rate cf accu- 
. milation may be underestimabed if income is underestimated and/or 
consumption is overestimated and/or depreciation is overestimate?. 
As for depreciation, while it may be badly in error for any one year, 
its cumulation over time will be about correct, since this will be 
@ write-off of worn out and obsolete capital. (Large changes in the 
price-level may introduce accounting distortions, but for secular 
problens we may ignore this fector). An underestimate of income 
would be no explanation of the secular rise in the ratio cf income 
to eapitel, because it would effect numerator and denominatcr in the 
seme proportion (if consumption were underestimated in the same vro~ 
portion). ‘the remaining possibility is an overestimate of consump~ 
tion, The case for this is very strong. Agood deal of effort goes 
to the creation of goodwill (in the generalized sense use’ above)- 
education, personnel work, advertising, standardization, much govern- 
mental activity. This is correctly counted in with income, but is, 
for the most part, also taken to be immediately consumed. That is, 
the intangible quality changes which are induced are ignored, These 
show up in the augmentation of future income, and therefore induce 
a secular rise in the productivity ratio. 

An alternative explanation for the rise
 in capitel productivity is
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index-number bias, due, for example, to quelity improvements. 
This fails to explain anything, however, since it vould affect 
numerator and denominator alike in the same proportion, This might 
not occur if output end capitel stock were estimeted separately 
‘and deflated by different indices. Sut in fact the latteris nothin: 
but a net sum of the former, as now calculated. Ye are left with 
the previous conclusion that the secular rise in aapital vroductivity 
is to be attributed to the accwmlation of goodwill not acccunted for. 

This specious productivity rise can be put to gocd use to correct for 
a final bias in our Index. ‘Je have seen that tangible quality improve- 
ments will lead te an upward bias, and that the remedy is a finer 

grading of entities. Rut also intangible quslity changes will lead 
to a further upward bias. ‘The intangible quality improvements in 
all entities together augment oxpected total income, and so lead to 
vises in the capitalized value of these entities. These, however, 
show up suverficielly as préce rises, and thus bias the index uoward. 
A grading sufficiently fine to remove this bias would also account 
for all goodwill accumulation, and is probably not to be achieved. 

We can, howe '» Measure this bias indirectly by none other than the 
above specious capital productivity rise: thls measures the relative 
rate at which unsccounted-for goc: 11 is accumulating, hence the 
rate at which fhe Index is being incorrectly inflated. 

A little algebra will clarify these complicated relations. All 
following letters represent relative rates of change, in % per ye’ 

Suppose meagured money inocme ig growing at rate A 2 a Hf nny "capital " B 

Suppose The Index, corrected for tangible quality changes but not 
goodwill, is growing at rate ¢ 

The rate of growth of gocdwill is A - B 

The true rate of growth of The Index is then G - (A = 3) 

The real rate of growth of income is A - (GC ~ (A - B)) or 2A -B - C 
This is also the real rate of grovth of capital. 

(The above arguments slurred over the distinction botween total 
income and property income; they stand unmodified if their ratio 
has been about constant over the secular period). 

We conclude with a list of price index biases and their directicns. 

exclusion of human capital downward ? 

confinenent to one country rather 
than the entire world uprard for US netional indices ? 

using flows rather than stocks probably downward 

quality changes upward 

goodwill accumulation upward
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Appendix I iiealth Inventories 

The first vroblem which arises in measuring the quantities of the 

various tyves of entities is: what is an entity? Is this to be 

counted aa one house or as a collection of five rooms? Is a reilroad . 
network a single entity? or a river? Conversely, mist we count a ver~ 
son as a single entity? wy not as a congeries of limbs end organs, 

or functionally as a collection of abilities? ‘his is the problem 
of how to chop up the universe into convenient pieces. analytically, 
the finer things are chopned up the better, because have all the 

information of the coarser breakdown and more begides. 

in the world things are bo’ t and scold nized 1 

the necessity for pricing limits our degree of refinement. 

What kind of distinctions among entitles should be made. Again 

grading should be as fine as is feasible. Distiy thinge by 
quality variations and locational variations. The sane entities 
which are segmented by price discrimination should be distinguished, 
each with its own price. Mobile transrortation equipment should be 
evaluate’ there it fe ab the tine, in accordance with tts orice 
"potential". Big entities which are sold only as units (e.g. firvs) 

lWxoopmans snd Reiter Ch XIV Activity Analysis of Production 
and Allocation 

have to be counted as single entities. 

We select a mmeraire entity arbitrarily. Change of numeraire 
merely changes Index end non-deflated values in the same vronortions, 
so that real velues are invariant. Arbitrage establishes a unique 
set of exchange rates between all entities in the world (except for 
the presence of laf@s and frictions; see Appendix ITI). If arbitrane 
ig prevented by, say, political restrictions, we simply make a finer 
@istinction of the same entity on opnosite sides of the barrior. 

Appendix II Regional Indices 

Time-series indices are at least approximations tc ‘The Index. 
Cross-sectional indices do not have even this virtue. Sut if one 
ingists on computing them the following considerations may be deemet 
relevant. 

The whole set of prices and quantities of things spread out over 
space are in some kind of imperfect adjustment to e

sch other. It 

would seem reasonable that in measuring how uch higher orices are 
in place A than in place B one should take all prices everywhere 
into account. The following gives a very sinmle index number based 
on this principle. 

be th £ goods of t: i in place Let Bd @ the ets of goods of type 4 in pla 

The total value of good i in existence is 33 X4sPage Gall this Vy. 

The total quantity of good 1 in existence 1s 3; xyj- Call this 4. 

Define the average prive of good 4 as ¥4/Q. Call this Py.


