This chaptéf will take up two major topics: the set of
feasible trading possibilities open to aﬁ individual, and the
equilibrium of markets;ﬁ

?ﬂ — The first topic continues the faaalbility discussion of

iﬁl &’%- chapter 4, budget constraints being sgecial kinds of

Our aim in this chapter is to bring these concepts within

our measure-~histories-activities framework. We shail touch

on only a few high points and spebial cases. (A comprehensive
treatment is out of the question, since most of economics

could be encompassed in this chapter).’

{%ﬁ‘ 6.1, Budget Constraints

Consider the balance sheet of a given person, firm, or

other agenth\at time t. The major items may be classified

into ghzsical assets, fanancial assets, liabilities, and net
worth. Physical assets include all things owned by the agent

in question, such as land, buildings, equipment, inventories,

household goods, esc. Financial assets include all monetary

claims on other agents, such as cash (a claim on the banking
system), accounts receivable, bonds, promissory notes, ete.

(Corporate stock is a borderline asset. In closely held firms

in particnlar, the real~estate market, .
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ene can think of the stock as representing thejhet assets of
the corporation itself; in large publicly¥cwned companies it
functions more like a debt with uncertain face value@\and

should perhaps be classified as a financial asseﬂﬂﬂ Liabilities

are the claims agaﬁnst the agent in question by other agents.
Thus every liability on one balance sheet is matched by a
financial asset on some other balance sheet, and vice versas
The totality of all financial assets on all balance& sheets
combinad (including government bodies, churches, universities,
etc,, and all foreigners as well) should equal the totality of
all liabilitié;7'if no slipups in acéounting have been made.

© Finally, net worth equals the value of physical assets
plus financial assets minus liabilities, It follows that the
totality of all net worths on all balance sheets combined
should equal the totality of the values of physical assets on
all balance sheets, since total financial assets cancel against
total liabilities. :

Aaiew ccmmantpﬂon this scheme. The neat dichotomization
of assets becomes a little ragged upon examination. Actually,
nearly all assets represent claims of one sort or another ~kin
particular, claims against ”traspass" in a generalized sense:
;ﬂo own a commodity means that no one else has the right to use
it. It is a simplifying ideaiization to substitute the
commodity itself for the bunale of rights and claims entailed

by its cwnerahip. mhese—asé:g number of "intangible" assets
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which do not fit easily into either the'physical or financial
categorywk»ﬁéxwéxinpléﬁ»patents, franchises, e&sements;J-but
may be expressed in terms of claims and rights. "Goodwill" is
not even a claim, but a reflection of the habits of trading
partnérs.

~There-are glso a numbexr of items not customarily included

among assets wﬁﬁ@h perhaps should be. iThese include government=
owned resources which—are placed at public disposal free or
for a nominal fee"g;;is, roads, police and fire protection,
the judicial systém.vataa The person himself - (and perhaps
somé dependent%}%'might be 1ncluded:amcng his physical assets:
Me owns his own body. ;. |

Finally, there is the 1mpor§§nt catégory of control of
assets, as opposed to'ownership %f assets. This includes
rentals -@£ land, labor, etc} ufand the helding of office, and
will be discussed further below. ‘ :

Having discussed these eamplieations briefly, let—us ge to
the opposite extreme and simgiify the balance sﬁeet for
purposes of analysis. We assume there is just one homogeneous
kind of financial asset «-call it “bonds‘}wmuhieh accumulates
interest at rate k(t) at time g.wﬁlxnterest is compounded
continuously; k(t) is assumed to be continuous and non%negativef?m

cfokj, Focusing on one economic agent, let b(t) hﬁ his net

‘\

= bondholding at time t. This is defined as figanelal assets

minus liabilities. If b(t) > 0, the agent in question is a net
creditor at time t; if b(t) < 0. a net debtor, (The sum of b(t)
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over all agents must be identically zero for any time g;.

Three influences are assumed to change b over time: the
accumulation of interest, thé sale of physical assets (wvhich
raises b), and the purchase of physical assets (which lowers
b). Let flft), fz(t) be the rate at which physical assets are
being sold and purchased, respectively, at time t, in dollar
terms:&&(These are assumed to be continuous, nonﬂnegative
functions for the time being).”

" We then hgﬁe the differential equation:

Db(t) = k(t)b(t) + £, (t) - £,(t) s> k%l')

The only term that needs comment in (1) is the interest term
k(t)b(t). This has the sign of b(t), indicating that interest
payments are positive for eréditors and negative for debtors,
so that (1) is correct for both these cases., Nete—that,
Zrealistically, there should be several other terms on the right
;iﬁe: wages and rentals, taxes and traﬁsfars, etc,  These are
all being ignored for simplicity's sake.

First-of-all, a simple transformation allows us to get

rid of the interest term in (l1). Define discounted net bond:

~

holding to be the function b':T = rea;s given by

‘ 23 =ik
7/4!9 _..fé k‘. (t)dt £ ‘ 1}
b'(t) = b(t)\“ ~ o 2} 7 /ztro

: The integral in (2) is the ordinary Riemann integral. If

e
t < 0, the standard\ccnvention of elementary calculus, that

\
\
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! C: \‘b NP

}é = ~I°J is followed. Similarly,/ene define$ discounted
sales and urchases, fl and fz' by (2) with £1¢ fz in place of
b, respacttﬁzly} (12 and (2) then imply that

‘

\_n

(PRTE:

Db (t) = £, (k) = £,(¢), 43)-

80 that the interest term drops out. ;This simplification is
useful, and we shall use discounted f#lnes whergver possible,
(If there are multiple interest rates, or if the rate varies
with b, this simplification is not availablegk

We have taken sales and purchaées to be ggggg.;k&éé are
continuous functions of Time. ILet us now generalize this.
Transactions occur not only (if at all) continuouslyﬁ\but also
in lumps. To incorporate this possibility, we take sales and

purchases to be (bounded) measures, Al and Az, on universe set

T. Thus A, (G) = value of sales in period G, for any Borel set

,§'on the real line. We can use @ither current dollars or dis3

counted dollars as our measurement units; for simplicity we
use discounted dollars, -

The differential equation (3) 1%?: rather, its integralfﬁf
then generalizes as follows. For any two moments, t' and t",

with t' < t", we have

(6

B(E") = b(') = A [e', &) = A ME', £") . 4>

¢ :
Here [t', t") is the Pime-interval between t' and tzﬂ{including
the past endpoint t', but exeluding the future endpoint t“
b(t) is discounted net bondholding (the prime has been dropped).

g =

S
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There—-is a conventional element, involved in (4)., If a
"lumpy® transaction of positive measure occurs at the point t,
it is arbitrary whether b(t) is defined Qa-as;zg§inc1ude or
__exclude the transaction at t itself. According to (4) it
S ——— e :
excludes this transaction, and this makes b continuous £rom
the pastﬁ\but not necessarily from the'future.éf

~Let-us now resolve the sale and purchase measures --whdch

~aae-@iven in dollar termg-g into griceg and quantities, That

is, total sales will be a composite of sales in different
markets at different prices. But what is a market? At the
least, to identify a market one h&s¥;e know what is being sold,
where it is being sold, and gﬁga,it is being sold., This gives
a triple'(;,p,t},kand suggests that markets be identified with
points of R x 8 x &. The set of all markets will then be a
subset E, s (Rx S8 x T), Point (r,s,t) will belong to E, iff
the resource r is being sold at location s at time t. We
assume that E € (2 L S -

t)'
~  We aha&&-first make the ccmpetitiva assumption that a

~

K?\
§ single ruling price prevails in each mprket. That is, there-is
a function sz > r;:lskhp(r s,t) being the price at which
resource r is sold at location s at time tS p is assumed to be
measurable. In what follows we shall also assume ég to be
noﬁinegative, although negative prices (for "illth", or noxious
"resources") can easily be handled. Here, as above, we

distinguish between current prices, P el e msiodd el - B e e

(those at which sales actually occur), and discounted prices, P"
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3 ¢ <

N el
z,.\:; , '% .,f... k(t) dt , e .
' ¥ p'(x,s,t) = p(x,s, t)\\; , © zay)

The sales (or e ggorts) of ehe-agent over the set of
.markets will be given by a measure% Hye OR universe set E .
is in terms of physical quantities, not dollar values;wand
u1£30 n (F x g X H):) is the total mass of resources of types F
sol&min region G in period H. The value sold over various
resou&%e;tyPes, regicns“and periods may now be expressed as an

Lndefinite integral over universe set E,¢

g
p
™y

The value measure (3) isiin either current or discounted
dollars, depending on whethe:‘p is current or discounted prices.
For simplicity, fet-us £ake,(5) to be in discounted terms, The

relation between (5) and the value of sales measure kl is then

given by$ - i
\C'ﬁ) : 30 » >, P e
: (Lo lrte
[g n (R x 8 x g)]
If: /—« T | 4
for any G € z 12(6) simply states that the (discounted) value

“lffttotal sales in time-perioﬂ G is that over all Resources and
all Space in that period. (If (5) is extended to universe set
R xS x T by defining it to be zero on(g X 8 x ﬁhgo, then A,
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is sﬁmpiy the marginal on component space T of this extended

measure) . |
Similarly, there will be a (physical quantity) Eurchase

G
(or import) measure Wy OVer go, 1deing to a value of purchase

measure (5) over E_ s, whose relation to AZ‘E; given by (&) (ulawﬁﬁgyh

'being replaced by ﬁmwﬁn {(5) and (6),we£ course) . :
The analysis up to this point consists essentially in

having set out a number of accqunting identities, and no

constraints on the actions of t@é agent have yet been mentioned.

The problem may be expressed agffollows.' What combinations of
sale and‘purchase'measures, (g;,.uz) are fiﬁancially available
to the agent? Or, in-short,;§hét are ﬁhe exchange possibilities?
- There are many possiblgfanswers to this quesﬁion, depending
on institutional arrangemeqis 5 in particular, on the structure
of the capital market. ;" | |
One simple and popuyér i?though not very realistic —,
approach is tc assume pgifact infbrmation, including a knowledge
of the timé, te, at'whiéh the agent in question will die. The
" sonst¥aint then takes the simple form:
(6. t.7)
b(t2) > 0.- {7
That is, the agent must have repaid ali debts by the time he
-expires; o:,.mnre‘éxactly, the amounﬁ owed to him must be at
least as large as the amount he owes to others at this time.

Let—us express (7) in terms of the sales and purchase

measufesq ¥y and Uge Consider the options open to the agent
9
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at time t < t2, when he starts with an initial net bondf
holding af b(t )+ which may be negative (starting in debt),

._,.-m,

positive, or zero. Substituting from (6) and (4) into D .

- we obtain
\913 55 30 (G0, 9)
Blt) + | paw > pﬁdug‘ Sl
(RXSx[tP Eg)ﬂ (RxSxL; ,tﬁ))
x% ’; . ﬁ& § el

v%#% hés a very simple interpretaticn. The rightwhand term is
the discounted value of 51; purchases gkda in the interval

t, 2t < gﬁ; the middle term is the discounted value of all
ézlea in that interval.  (8) then states that the present value
of purchases cannct exceed the present value of sales plus (the
present value of) the initial credit balance. This is a direct

generalizatién of the familiar linear consumer budget constraint: .

& & plxl B st Pn n*

.«,—~’/'

where the "income" term y may be intarpreted as net credit, and
Xy is net purchases of commodity,§;klif§i < thhis indicates a
s;ie rather ﬁhan~a purchase)," - §

The form of (§) allows a lumpy transaction to occur at the
initial point, t + but not at the point of expiration, L2,
This is an artifact of our dafinitions,kand could be altered

if desired by a minor modification of (3).
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The constraint (7) or (3) is attractive because of its
linearityﬁ:but rather tenuous from the viewpoint of realism.
There is, ;irst)oi=a4&, the éroblem of what to do with entities
éhich»do not have a natural lifespan, such as corporations or
government bodies., But even apart from this, this constraint
allows arbitrarily high indebtedness at any time befdre t2,
which is clearly untrue of any existing credit system.

A better approximation to reality is obtained by introducS

ing collateral requirements. These allow indebtedness

(negative bondholding) up to a point determined by eme's other
assets. The other balance sheet'categories must now be taken

into account.

bet—us _suppose that the agent's physical assets have been

appraised&?and that v(t) is the value of ggxgical assets at time
t. Also let w(t) be his net worth at that time. The basic

balance~sheet identity is :
ﬁ(,,.{.'fg_s

w(t) = v(t) + b(t). N
This can be measured in either current or discounted dollars.
A simple form of collateral constraint is then{
(o 1:10

-b(t) > ew(t), | 130

for all t ¢ T, where ¢ is some positive real constant. That
SR

is, one is—allewed o go into debt up to some multiple of one's

net worth. From (3), (10) can also be written in the equi<

valent form
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all t, so that one can borrow a fraction of'avery dollar's
worgh of physical assets.

e Still more realistia would be a condition that takes"
account of the fact that physical assets vary considerably in
their ability to sexrve as collateral, Best of all is real
estate, which is easily appraised, durable, and‘whﬁeh cannot
be absconded with.. On the other hand, "human capital” u%%he
value of a person's own body as measured, say, by the discounted
value of net future earnings)< is poor collateral, because it
is ha#d to appraise, and because its'mobility and iong payback
period make repayment difficult to enforce. VFor'this reason
students find it difficult to obtain unsecured long-term
educational loans. (Under other inatitutional conditzons
human capital could function wall as collateral; th&ak—ei
indentured servitude, iotmexample)ffm

This realistic complication could be represented by
replacing the right side of (11) with a weighted sum, sach class
of assets multiplied by the appropriate’fracﬁion corresponding
to its collateral-serving abiiity.

Special kinds of‘eéonemic agents have special kinds of
budget conditions constraining them. Government bodies are
limited by legislative apprbpriations, banks by reserve
requirements, (To express the latier;onevmnst distinguish the

various categcries of financial assets and liabilities; it will
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no longer do to lump them together as "bonds®™ as we have been

doing -
{;@i) 6.2, Rentals

We now add the possibility of rental transactions to those
of sale and purchase. Rentals are very important, much more

petm—— R Infe Yre

so than oncuwud§d~gatuur from thelr modest share of national
income.
Abstractly, a rental t:ansaction ocaurs when one

relinquishes control, but not ow nershig, e&ar an object., The

most important type of rental,by far is the employment relation,
in which the worker places himself 4%within 1imit§)~2at the
disposal of the employer without relinquishing ownership over
his own bodys, th££¥§s, without becoming the employer's slave.
Then we have real-estate rentals, leading to the ordinary

landlord=-tenant ralation. And there are a large number of

miscellaneous rental marketsfx for cars, furniture, machinery.‘
custumes. ate.

A number of poigis need clarification. Firﬁt, what is
"ownership“ and whaggis"cohttol*? We are not concerned fere
with any strict leggl dafinitions, but with the functional
concepts as they ?Qlate to the set of #easible options open to
an agent. “

To contrcl;an object for a certain time-~interval, as the
term is used above, means to secure the acquiescence of other

people not to interfere with one's use of the object, or ee try
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to use it themselves. In the employment relation the "object"
is another person, and the relation entails a willingness to
obey orders within a certain “legitimate“‘range.

Ownership may now be defined in terms of.conirol. To own
an object means either to have permanent control of it, or -
in case it is xentad’out;k-to‘rgjacquire permanent control at
somé stipulated future date. In brief, the owner of an object
is the agent to whom control ultimaialy reverts.

-As-usual, realistic complications clbud these neat con-
cepts. Control is a:matter of degreep yhch of the legal
systam‘eonsists of restrictiansfbn the uses to which an agent
can put the objects he awﬁs-or"#ents. Restrictions are
especlally imparﬁant in the case of rentals, for the owner
will rarely ré;iﬁquish control without stipulating limits on the
uses to which the rented object is to be put. If nothing
else, the owner has an intéfeat iﬁ the maintenance of the rented
object, since it will eventually‘revert to his own use.‘

The essence of the rental relatiunshié. then, is serial
control. The cwner»contraets with someone to give up control
of the object for a limited ti#e_in exchange for a rental pay-
ment. (In the employment relation, this of course is the wage@»
There may be a whole éequence of such renters with ;hom the
owner contracts in tuin, as when a worker moves from job to
job, or a g;ndlérd rents to tenant after tenant. Another

possibility -~ if this is permitted by the rental contract - is
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for the renter i¥ turn to relinguish control to a third party,
giving a subleasing arrangement; he in turn could rent to a
fourth party, etc&g’

The same object may concurrently be changing ownership
through outright salas; The times at-which ownexrship changes
hands need not coincide with the times at-which control changes
hands. PFinally, ownership or conﬁrol at any stage can be
exercised jointly, with power centered in some committee of

separate interests. The pattern of control can become rather

tangled.

xawonémttmiting Gase the ownership relation recedes until

5 g

it essentially disagpears.fgr practical purposg§$,w8ﬂppose there

is an infinite sequence of ch&hgdsgsuﬁcmﬁEESi. In this case,

there is no agent te whom- aontrol ultimately revarts, and hence,

L
e

in effect ,no“owner, whatever the legal sltuatlony/’(nise sae

het—us briefly consider the relation between rentals af?
gc- Huk 115

services. According to our previous discussion
a service activity is one in which the historiestﬁﬁiah entexr
into the activity are owned by different aqénts. Now if B
rents an object he owns to A (the "object" may be B himself as

an emplovee), and A uses this object{ togetﬁer with others that

A owns) 252539 an activity, we may speak ofA§§a,previding a

service for A, Thus, a worker provides labor services, a 1and£:
loxd provides housing services, etc. The "rental” and the

"service" are just two aspects of the same relationi%the former
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concentrating on the tr#nsactionfﬁﬂkéh'ﬁrings the factors
together, the latter on the activity in which the factors
jointly participate.

On tha”uthazﬂhanéﬁ\rental igﬂggg'the only way in-which
diversely owned factors are brought together. The issue
revolves aro%nd which agent is in cqntrol of the process, the
recipient of sexvice, A, or the proﬁider, B. 'Consider the
sexvice of watch repairing( Hexazihe owne:;léﬁksurrendars
control of his watch to the'rapaiémag, B. But far from
receiving a rental payment for this surrender of contro;] A
actually pays B for the service ‘rendered.

The relation in whichaé_apd B stand in this case is not
that of employer and worker! ér tenant and landlord, as in the
case of rentals, but that of bailor and bgilee,{r::ggg:ively.
Without worrying about the legal niceties involved, let-us -
refer to the general relation Qh&éh bbtains here as a bailment
relation. In bailments,_§ re11nquishas cantrol of an object

he owns to B, B performs a service which benefits the cbject,

B returns the object to its owner A, and A pays B for the

service. In rentala,hit is E&who xelinquishes control tb;g.
who uses the objec£ fér.hia own henefitq\ané again paysvg‘for
this serxvice.,

Bailment relations are very common, perhaps almost as
common as rentals. Most repaii services are bailments,
including "repairs” to A himself, as by surgeons and bargers.
Storage services provided by warehousesi:tranSPQrtation services

provided by postmen, or by common carriers for a person or his
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goodsﬁ;are other axampies.

—The large publi&lj;awnad corporation may be thought of as
invclving a bailment relation,‘in whigh the physical assets of
the corporation are turned over to tgg control of management,
by the stockholders collactivelyfs‘}v

~ We have so far divided aervicés into rental and bailment
types, depending on who is in control. But, as-discussed
above, control is a mattexr 01 degrea, and there are borderline
cases where one typé blends inté the ather._ An unskilled
worker and a surgeon both provi&e services} the first seems
clearly involved in a rental relation, the second in a bailment.
At skill levels intermédiate between these two the control
pattern will shift gradually from one of these forms to the
other. We thus get situations of shared aontro%j?

Finally, consider social activities such as parties,
picnics*ﬁbéach outings,;qtcv, where the various participants
provide each other withf*companionship” services. These do not
fit either of the categcries above, and control itaelf -@n.the
sense of a single agent coordinating the factors entering the
activity, without 1nﬁ9rferen¢e from any other agent}témay not
exist. f

Having axaminaé some institutional features of rental and
related marketa,*&§¥¥§a turn to the problem of the dete:mina-
tion of rental prices. ‘

. Assuming eoﬁpetitiVe markets, one's first impulse is to

imitate the atracture of the sales market and postulate a

1
{
!
f
/
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rental price fﬁnction, w, whose domain is a subset of
R X8 x Tjw(r,s t) is the rental price for resourcéktype r at
Y e

location s at time t. AT would have the dimension of money per

unit mass per unit time (e.g. wage in dollars per man-hourj.

land rent in dollars per acre-year, ete.).

This may be a fair approximatiéﬁ. and m&ny rental markets
appear to have a strhcture resembling this. But it has one
basic ahcrtcoming,.ﬁgggiga\thaﬁ the rent does not depend on
how the resource is going to be used by the renter. 'ﬂa»,ﬁainae

the owner will eventually regain control of his property, he

will not be 1ndi££erent between uses wh&eh leave his property

dilapidated, wh&eh-leave it unaffected, or which enhance its
value. On thé contrary, a premium would be required for him to
rent to someone who will dilapidate his property, while he will
be willing to accept a lower rent from someone who will return
his prbperty in improved éonditién. Indeed, if the improvement
is big enough he will be willing to accept a negative rent T
eha%—%s to pay to have his property used by the other person.

“{In this case the direction of service is reversed, and the

rental relation has in fact become a bailment relation).
: P - Lk
Thust%a worker would be willing to accept a lower wage on
a job'whiég;affords training opportunities than on one wh%eh—

does not.&/ If the training opportunities were sufficiently rich

he might even accept a negative wage (we would probably call

this "going to school" rather than "working"; the borderline

between these cases is not sharp).
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"Dilapidation" and "enhancement" refer to the position of
the rented object in Resourcglspacé;ag, upon re¢?§ion to the
owner., But the same analysis applies to physical Space, 8. A
car-rental agency will demand a premium payment from ;bmeone
who wants to return the car at some out-éfwthewway place:

“The potential renter, furthermore, may be concerned not
only with the endstate of the rented objectﬁkbut with the
entirxe timé»path over which it moves and the activity in which
it participates. In the employment relation{ithe worker will
be cqpcerned-with thg pleasantness or unpleaséntness of working
cbndiiions,nand require a premium for working under poor
conditions.\ The landlord may require that his premises not be
used for certain disapproved activities, or at least that he
be paid a premium if they ara..

Discrimination may be éonsidered a special case of

pteferenees concerning alternative activities into which one's
rented property enters, It refers to preferences among alterna-
tive individuals or tyﬁes of people who—are participating in

these activities. "Discrimination® ger se refers to a

preference for nonyassociation with someone, while "nepotism" rt(ug
to a preference for associationfﬁ/’we speak of this as a

special case of preferences over activities,%because the
definition of "activity" giv%s the distribution of mass over

the entities participating in it/ and so will specify the types

of people involved. ©One may discriminate, in the first instance,

with reference to -enmets trading partner, and secondily, with
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reference to the;ﬁ;épéé;hewis assoclate;?§§th.

Discrimination exists also on the sales market, but it is
probably more important in relation to rentalsy/-ThEMreasan—Ls
that the association between trading partners is closer and
lasts longer when rentals are involved, and attraction or
aversion is therefore likely to be more salient. For this
reason we omitted any discussion of discrimination in connec~
tion with outright sales.

 In summary, it would appear that any model of the rental
market wﬁich postulates:ajrental function m(x,s,t) is inadequate.
(The cases where such a rental function does obtain seem to be
those where the uses toauhéegfihe rented object will-be-put are
S0 circumscribed:e‘by custom or by expl}cit agreement — that
one need not be concerned by their varéation.)

What, then, does an adequate representation of the rental
market look like? The following model incérporates some of the
considerations discﬁssed aéove. It makes rentals depend, not
on points of R x § x T, but of (R x 8 x r)z. For &, < t,,
ﬁ(gl,gl,gl,gz,gz,té) is the price to be;gaid for attaining
control of a unit of resource r, at location s, at time t,, and
{élinquishing control of a unit of xr, at s, at tz. Typieally;
the mass will flow along a history whose graph connects
(rl,sl,tl) a“d(”z'sz'tz’:LEE that the "same" object is returned,
but this formulation is somewhat more ggneral (for—example, one
may borrow a cup of sugar one day, and return a — presumably

different — cup of sugar the next day). By allowing 7 to take

on negative values, bailments as well as rentals may be encompassed.,
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3 An’haé‘ihe dimensions'“dollaﬁ:b per unit mass%, just as
prices in general do. ~9§6 avoids complications by taking these
™otherwise, feor exampis, ohe hia—to-
worry about whether the rental is to be paid at tﬁe beginning

R

to be discounted dollars.,

or the end of the period, or in periodic payments).

If one abstracts from legal complexities, tax liabilities,
credit considerations, control restrictions, market frictions
and imperfectiqns} etc., a rental transaction may be thought of
as a combination of two sale transactions@ The agent acquiring
temporary control in effect buys the object at the beginning of
the rental interval and sells it back at fhe end of the period.
In fact, 1f all the appropriate markets exist and the just=
mentioned complications do not occur, cne can give an informal

argument for the following equalitys For t <ty

(9"’9 ;- ] }L}% % )

{ 6.2
W(£11§11§1152092rt2) = .p‘rl'?l'tl) " P(!—'z 'QZ’PZ) ’ %)

all prices being measured in discounted dollars. For if the
left side were 1arger than the right, one could buy a unit of
x, at (s;,t;), immediately rent it out, receive back a unit of
r, at (gz,gz), immediately resell it, and emerge with a
positive profit. If the left side were smaller than the right,
one could acquire control over a unit of ry at (gl,gl), ims
mediately sell it, then buy a unit of ry atAtgz.gz) and hand
it over to complete the réntal transaction, again making a
positive profit. With perfect information, arbitrage assures

that neither of these inequalities ebtains.
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6.3. Imperfect Markets

np—%e now we have been making the a@mpetitive assumptionsgy
(i) The agent is faced with a price system P:E, + reals jﬁiﬁh
does not depend on how much he buys or sells,«"(ii) ﬁhere is
a unique discount rate k:T + reals which does not depend on
the creditor-debtor position of the . &gent.f Wle now briefly

discuss weakening one or both of these conditions.,

(kazj;\ Let us first abandon condition Eﬁ?’ while keeping the

perfect capital market assumption (ii). 1ret ¥y and u, be mek

sales and purchases (in physical, not value, terms). It will

» ,4)—

be convenient to consider net,salesﬁ_u = hl B uzgﬁg 1 is of

course a signed measure,‘assumed bounded. Under the competitive

assumption (1), the net revenue obtained from u will hg
290 Q«i’\ l%

£(p) = [
E,

s

P du. “

Here p is assumed to be bounded measurable. Both p and net
revenue &xe measured in discounted dollars.

The function f defined'by (1) is 1inaar5 ﬁ;a£~ia,
E(ut + u") = £(u') + £(u"), and £(cu) = cf(u),,for any two

bounded signed measures ut, u* + and any real number 3;5&"

But for imperfect markets, net revenue will in general be a

nonf;inear function of net sales, and the problem arises of
how to represent such functions in a convenient and plausible

way.
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Of the many possibilities, we shall consider here only
representation by densities., This is a natural generalization
of (1) whiéh appears to correspond quite well with the
generalization from perfect to iﬁperfect markets, 4

—~ We define things abstractly. Let (A,Z) be a measurable
space, and M the set of all a&gma~finite signed measures on it.
Let g:A x reals + reals be bounded measurable, and o a fixed
bounded measure on (A,I). In terms of g and o, we define the
function‘g:ﬂ: + reals by ' :

ﬁi} W O ' (6%.2)
£(u) = IA g_(a,é(g))!\a(da). - 2)

Here M' is the subset of M consisting of those signad measures

\Nan

wh%eh are absalnteyz continuous with respect to a, and § is the

density of u with respect to o:

£ f n 7
10.%.3

na ]rawéﬁ*" 3

Dswﬁaﬁ

b

§ exists by the Radon-Nikodym theorem. It is not unique, but
any two densities for the same y differ at most on a set of

G-measure zero; hence they give the same value in (2), so that

£ is well-defined.

To see the connection between (1) and (2), consider the
functionrg(g,ﬁj = p(a)+6. By (3), (2) then reduces to (1)
(with A in place of Eo):g/ But g in {(2) can also be nodilineax

in §, which leads to a non+linear f£.
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The interprétation of (2) is as follows$ g(a,-) is the
function giving net revenue density in terms of net sales
density, at the point a € A, Thus,ifoglﬁ(a) > 0, gla,8(a))/8(a)
is the 6emand curve at a, and for Gtg) < 0, it i;?the spppky
curve?b\tln both cases, quantity is the indépende;:, ana&éricef-

the dependent, variable.) All densities are with respect to a.

»&:éjp?. The interpretation of o depends on the space A. Suppose
W first thatlwa are dealing with just a single commodity, and

that A is a bounded region of»physicalvgpace.ng (Net sales

and net revenue may be thought of aé steady flows per unit

time). Then the natural interpretation for a ié;areal measure,
and g(a,*) gives revenue in dollars per acre (pa;wjaari in

terms of sales in, say, tons pei acre (pér year). For some
problems this may be too restrictive‘ Suppose, for example,
there are citiesklﬁxepresented as geometric pointsf—:at'which
one can éarner positive revenue. Ordinary areal measure assigns
measure zero to single points; which precludes representation
in the form (2). This is aésily remedied, To areal measure
per se, we add a measure assigning unit'mass to any point at
ﬁhicﬂ a city exists, and/let this sum be a. Then representation
by (2) is again possiblé; if there is a city at point,go.
g(a,,*) gives net revgﬁue per year accruing at a in tézﬁs of
aales per year at that pginﬁ. e

» Nexttkletqétbega bounded subset of Space-Time, S X T; we
are again dealing with a single commodity. There is again a

i ’U“’J‘;:. )
"natural” interpretation for a, -namely, as the product measure
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formed from areal measure on_gAand Lebesgue measure on T,
nd, gust as above, if markets are ccneentratéd s0 that
pcsitive revenue accrues on a set of product measure zero, o
may be modified to make representation in the form (2) pessible.
—_kfinally, we come to the case we started with, where

A=E g (RxSxT), In this case there{éoes not seem to be ¥

" b

anf‘-natnral“ﬂméasura a, because there |is nothing for R that
corresponds to area for Spaee and 'q;antity of time" (Lebesgue
measure) for Time. This creates no difficulty if there are
just a finite number of resources-types, or even a countable
number, say {gl,,;z,...}: for in this case ene chooses a
measure assigning a positive mass to each {;h}':-say Z"Q‘Q:and
then takes the product of this with the_?puﬁg and Time measures.,
2And even in the general case there may be an a for which
representation (2) is plausible.

Neﬁe that (2) has the same form as the utility function of
the allocation~of-effort problem, chapter 5, Thus the problem
of maximizing total nét revenue_inian imperfect market system,
with a givan endowment of goods, is encompassed in the results
of that chapter.

Hoﬁever, (2) does h#va one rather important shortcoming
as a representation of imperfect markets. While it allows
variable prices, each price depends only on the quantity
forthcoming in its own market (all "qGﬁss«alasticities“ equal

zero). In reality, e¥§ would expect that a greater sale in a
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market would deprass price not only there, but in markets for
similar resouraa3typas at nearby spaceutime points. We sha&l
not go into the problem of representing this phenomenon.

We now turn to imparfectipna in the capital market. It
will still be assumed that there is ﬁust one type of financial
asaet}%~“bondsfli-ao that the model remains highly simplified.
But the discount tateﬂ&}will now be “personalized{, andl&éﬁenﬂ
on the creditor position of the agent in question (as well as
on the time). A plausible ﬁéyﬂeowdc“this is to let k depend
on b/v, the ratio of net bendholding to the value of physical
assets of the agent. Thus th;h‘perscnul‘ﬁgiscount rate at time

t will be
“i} / é.éu*i)
PN k(e BV &3
O.:"Sg;w’ !
,F\ ['s
N k will-be a decreasing (or at least non+increasing)

function of its second argument. This reflects the following
real-world situation. First take the case of a creditor

(b > 0, hence b/v > 0). As he extends more and more credit,
the investment opportunities become progressively less
attractive, so that k, the average rate of return, declines.
Next consider a debtor (b and b/v < 0). Fér small debts one
can rely on relatives and friends. Then one might try com-
mercial banks. After ene*ﬁ line of credit is exhausted here,
one might try the "friendly finance" companies. And if even

this does not suffice, there are always loan sharks and
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racketeers (who have a comparative advantage in enforcing
collection of debt). At each stage :ﬁﬁigaéiéait rating
becomes shakier, and lenders compensate by charging higher
interest rates. Thus k rises as b/v becomes more negative, and?f

is therefore again a decreasing function of its second argument.,

The collateral constrainh. f;ig)o£~sectton~l, may be
interpreted in terms of (4). Suppose there is some negative
value of b/v at which k goes to +«z which is to say that no
more credit is forthcoming from any source beyond this point.
é&é then gety a lower bound constraint on b/v, which in gigg is
equal to -¢/(l+e).

With (4), one can no lcnqer‘épeak unambiguously of "dis=-
counted dollars" {lbecause the size of discount itself depezdﬂ
on the agent's actions. The basic differential equationtatii

—eof . section—L, connecting bondholding and sales becomes

: (6.%.5)
Db(t) = k(t, b(t)/v(e))b() + £(t), +5)

g

%ﬁ§:gjt)<héfzg.the net rate (iﬂ current dollars) at which physical
assets are being sold at time t (net rate means{sales minus
purchases). In general, (5) will no longer be integrable in
alamentary form.

31 (Bl,cambined with g%y?n i?%?%ii‘c?ndition b(t ), v(t 1 P2
and either constraints {?) or (kﬁéq(ll)/qﬁ>aeee£on-t3 then
yields a system of conditions #%ieh indicate what triples of

time-paths (£(t), b(t), v(t)) are feasible.
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Finally, let us combine imperfections in the commodity
and capital markets., One additional problem now arises.
Prices and revenues in commodity markets can no longer be
expressed in discounted dollars; insteaé,we express them in
current dollars.g/ :

We hm&u:zn complete our system of conditions by expressing
the current dollar net rate of sales, £(t) in (5), in terms of
the signed measure of net sales, u.;;(As above, the universe
set of u is E, = (Rx S xT), the set of triples (r,s,t) for
which markets exist; u is measured in mass units)) A measure
o on E is needed to express net revenue in the form (2). For
this, we postulate that a measure g on (R x s, z X z ) has
already been arrived at, by soma such process as discussed
above. The product measure of B on R ¥ 8 and Lebesgue measure

on T, restricted to Eye will be taken for a.

are not absolutely continuous

with respect to o are dismissed at once as infeasible. For any
other u, we form the density function § = du/da, and substitute
in (2)?~'{3;/éﬁ; be expresqed'as an iterated integral, first
with respect to 8 over R xfs, then with respect to Lebesgue

measure over T. The first iteration is the one that yields the

net rate of sales function: ¢ V& ) ii
N O ' b (b 6
£(t) = g(r st sxr.s.t)){a(ar.qw t6)-

{(r,s)l(r,s.t} € E }

e i
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-

Here g,is net revenue density, per unit time per "unit sﬁ,
Performing the integration, we getiihe net revenue per unit
time, which is £(t). | (6) substitgfed.in (S) then yields the
basic relation between net bondholding b(t) and net sales u.
This ;tegether with the other coﬁditicns mentioned after (5),
then gives the set of feasible triplés (u, b(e), v(t)).

6.4. The Raal—Estate Market

The real-estate market distributes the control and owner+

ship of Space-Time among economic agents.

_™» That is, while a typi&al commodity market is characterized
by a triple (r,s,t), we aie now dealing with pairs (s,t). The
real-estate market is thén the ensemble of all these separate
point markets. The "homogeneity®™ of S and T, as opposed to the
"heterogeneity"” of R, ﬁnkes the airucture of the market here a
gon‘deal simpler tha§~in the commodity case.

There are a number of different interpretations as to what

ex&ctly is being scold or rented in these markets. Q\'liaaz. estata”‘?“

i;or “land" f~re£era'ambiguously to the ﬁarth=itself, with its
soil,; forests, waters, minerals, air, etc.; to the products of
human‘constrnctionfwhichﬁafe-more or less permanently affixed
to it@{?ﬁgiid§ngs; roads, bridges,-eée.; or to the Space-Time
continuum nhééh ghey occupy.

' One can distinguish conceptually between control of these

various components. Control over a portion of Space-Time is

the right to exclude trespass by other agents, with their
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properties and associated activities. This is not quite the
same as control over the use to which a building in the region
may be put. In practice, of course, it would be inconvenient
to have these rights in the hands of agents with opposing wills,
Hegce'control is generally vféted in one agent, although there
may be separate markets for the components of a real-estate
package/\ and ownership may be scattered ambng several agents.

For most of our analysis it does not matter which of the
various possible interpretations is used: whether the reals
estate transaction is just for the Space-Time ”shmll?% or
whether the constructed or natural contents of the region are
part of the package. We shall ignore the ambiguity whenever
the analysis applies to any of the interpretations.

The real-estate market has two further simplifying

| pecnf;rities as compared with coﬁmodity markets;‘ First, the

'N}amount‘;Bf Space~Time anywhere is fixed. Second, the control
-or ownership of each point (s,t) is usually in the hands of
just one agent. This suggests that we represent the control or
ownership of any one agent as a (measurable) Qubset of‘é x T,
rather than as a measure over S x T.

In more detail, we suppose that each agent i chooses a
subset E; € (E x I ). The chosen subsets for different agents
are disjoint, so that the collection of all the Ei’s is a
packing.%}Ei is that portion of Space-Time whivh-is under the
exclusive control (or ownership) of agent i, (Later we shall
generalize to allow for joint ownership or control, but the

model just given will serve for most of this section) s
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As an example, E, might be of the form F x G, where F is
a region of Spaee andwg is an intagyal of Time, say (gl, £y,
This means that agent i acquires gééionrg at moment t,s keeps
it until moment t, .at which timeiﬁe divests himself of it, and
has no other portion of 8§ x T, 'ﬁbre generally, Ei might be a
union of such "rectangles”, diféerent regions being held for
different timélintervals. Thué E; might consist of pieces
scattered all over the world, as might be the case if agent i
is an international corporation. The size, shape, numbef)and
duration of oma's holdings are all determined by the set E,.

5f \ -let-us next consider feasibility restrictions on the
. possible sets E that can be chosen. Some restrictions hold
for ali agents, while others hold for selected types of agents.
We first consider univérsal restrictions.

A number of thesé arise from the need for informational
economy. This 1aad3§£o a restribtion in the variety 6f possible
transactions. Thusféeal~estate transactions are almost
universally of the;;gctangular form mentioned above: One
acquires o parcelthfgéjgkime interval G. (This includes the
case of oﬁtright;;ale of a parcel. If the parcel is never
resold, the timgfintervalAgiextends to the infinite future.)
There are usualéy further restrictions on F and G. For F in
particular;it ?s typical to partition a portion of the/éarth's
surface»into';ggg, with the stipulation-that the lot must

changé'handsfas a units if F is a lot, and_Fiithe region held
/ gihes it \ -



557

by agent i, then either F ¢ Firor PN F; = 2.

\&“1Aa for the vertical dimension, one can imagine the lot F

as actually representing a three-dimensional cone, withﬁépex
at the center of the farth, and projecting throﬁgh F at the
ﬁarth's surface to infinity. But subsoil rights are sometimes
transacted for separately, and it is not at all clear how high
a person's air rights extend. Would someone have the right to
bugld a structure on his property so tall that it interfered
with airline flight paths?)™~

The available sets E would tﬁ;a ke restricted to unions of
these allowable rectangles, f

A good portion of the gart#%s surface is not available for
transactibns at any given timgﬁgzhiélaimed territory, the high
seas, and the public domain, iﬁcluding the road and street
system, ;

There may be maximal limits to the holdings of any one
agent in certain regions, a result of land reform movements.

As for particularistic restrictions on landholdings, these
have been applied hiatoriéally to aliens and certain minority
groups r such as the Jews in Russia or the Japanese in
California. Private restrictive covenants will limit the
market still further for certain Qroups.

We shall now go a step beyond our analysis of commodity
: markets{u-which stopped with a discussion of fea&ibility

coﬁditionsgm and investigate the full conditions of equilibrium
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in the real-estate market., This involves a discuséion of the

preferences of the market participants, and the conditions

under which a p;icing system clears the market¢5 We shall end
with a proof of the existence of equilibrium uhder certain
simplifying assumptions.

Ideall¥4;ﬁ§'want’ a model that simultaneously determines
the pattern of ownership over Space~Time, the pattern of
control, and the pattern of land uses,sbecause these three
systems are interrelated. An agent waﬁts control of a certain
region in—order to operate certain activities there. Which
activities are feasible depends on a;humber of factors. Among
these are technical knowledge, budgetary‘limits, legal
constraintseqﬁsuch as housing and zoning law%~h"hctivitias in
adjacent regions (in the case of neighborhood effects), and,
in particular, the capital endowment resulting from previous
land uses on the same site, The desirability of various
regions to an agent is a reflection of the desirability of these
possible uses to him,

As for ownership, there;is i{gpart from any "psychic
income" received from having a stake in the land;% a compara-
tive advantaée from the agent's owning land that he controls,’
because the inevitable frictions and inefficiencies;ﬁﬁﬁﬁh
accompany the rental relationship are avoided. In the real
world there-is a very close association;bétween the pattern of
ownership and the pattern of control, which results from this

phenomenon.
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The structure of equilibrium in the real-estate market
needs further specification. We suppose that there is a
perfect capital market, so that all prices and rentals may be

measured in discounted dollars., Then we postulate that at

equilibrium there will be a rental measure, u, over a measurable

subset E  of (S x T, Es x I ), with the intexpretationi u(E) =

rental (in discounted dollars) for the control of Space~Time
"region" E ¢ E_.
‘&* A A number of commentgs‘ ?irst, one should distinguish care-

fully between regions ger se and "regions” of Space-Time, which

AA. =

X are measurable supsets of 8, and 8 x T, respectively. The

 &j context will make clear which we are talking about, and quota-

.\ Jtion marks will not be used.

W, // Second, it may not be possible to assign a rental value to
‘g’i\

all measurable subsets of E, in an empirically meaningful waye
v, If parcels are always transacted for as units, there is no
rental value for a fraction of a parcel. This difficulty is
easily remedied: é;é simply aggregateg u to the appropriate
sub- ségma-field of I x I, IfE is partitioned into
rectangles FxgG, F rangxng over the minimal subdivision units
and G over the minimal time intervals for which transactions
occur, the appropriate a&gma~field is the one generated by this
partition. Since no difficulties arise, we suppose this

aggregation has been done, but retain our original notation.
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The last comment is more substantive. By postulating u,
we have willfully fallen into the tfap we warned against in
the discussion of rental markets.‘;The rental for region E
should in principle depend on thgfactivitiesawhéoh theé tenant
operates in E. If he returns itjwith a dilapidated capital
endowment, a highe; rental wouLé Qresumably-be charged in
compensation. If Q% returns #i in improved condition, the rent
would be lower, possibly nega£iVe (as when an owner turns his
land over to a developer). The rental measure u, however,

implies that rent does nct;aepend on land use.

A

This is done mainly fbr simplicity's sake, but eaé*might
justify it as an approximation under certain special conditions.
One condition is that the activities contemplated have no
"construction" or “minihg“ components, so that‘alternatiVe
activities would have iitt1e differential effect on capital
endowment. Once the structures are in place, alternative
office activities, aiumanufacturing activities, or residential
living activities probably do not make much difference in
depreciation rates. The situation is different with farming,
fishing)and forestryﬂkas well as mining and construction-?efdgg.

A second condition (this is more dubious) under which the
effects of actiﬁities on rentals may conceivably be ignored is
when the market is for Space-~Time per ig as separate from its
contents. The rental is then "grbundy¥ent" only, and is

presumably affected largely by the overall "location" of the

region in & x T&\and relatively little by the particular site
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characteristics such as the capital endowment.

‘We are also impllcitly assuming away neighborhood effects,
since otherwise rentals would be affec;ed by the activities
operating in adjacent regions. -

In'any case, we postulate u.” u and all other measures in
/ this section are stumed to be finite, (A generalization will

\A i
be discussed lateffﬁ Let us now go on to land values. For

pr=y

each'time>t, we suppose that there is an eguilibrium land-value

measure,‘ut, whose universe setg Ft’ is a region of S, with the
inggrpretation: My (F) is the sale value (in discounted dollars)
of region F ¢ Ft‘ 2
Note that the land-value measures “t are over subsets of
_gggg, while the rental measure u is over a subset of Space-
Tlme. An argument similar to that for'%i#‘e£~section 2
suggests the relationﬁ for &, €< ¢

1 2!

; o1t} )
u(i * {ele, <& ¢ t2f> = uFl(F) - M@Z(F)' (4&+

s Equaliy
for any region F g S for which all these markets exist. }Ul)
states that the value of a parcel at ty equals what you can get
by selling it later at =Y plus the rental obtained for the
interval, when everything is measured in discounted dollars.
This is not unreasoﬁable, but it does assume away'market
frictions, ignorance, psychic income £rom ownership, etc.

, immediate consequence of (1) is the following. ILet

Space-Time region E be a disjoint union of n rectangles:
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_Ej x {tltj 44 < t or j = 1,...,n. One can attain owner-

' ship of just E by 2n transactions, buying at tjii and selling

NN

N

&0

at th' %(i)%}hen impliee that thejggg expenditure for the
owneéship of E is exactly the same as the rental charge for E.

We now discuss the concrete organization of the market.
Everything starts at time to' and there is an initial distribu=-
tion of land ownershipg Aéeet i owns regionigi, the collection
of all the Fi’s being a packing in Speee, Therreal~estate
market then operates to create two measurable partitions of
-Eo’ a partition by ownership, and a partltlon by control — say
E is~Ebat portlon of Space-Tlme whteh comes to be owned by
agent i, and Ei,that portion whieh comes to be controlled.

Here Eo is the region of S x T on which transactions can

cwiy

occur. None of E, is assumed to occur prior to timevto. We
shall also suppos; that each ownerehip region Ei is a ;;nite
union of disjoint rectangles, as just discussed. The number of
participants in the market will be assumed finite, except in

one or two discuseions below.

6.5. Real-Estate Preferences

Now we come to preferences. It is assumed that each agent

has a preference ordering over tfﬁples (', E", %), where E'
and E" are measurable subsets of E, (E' in the union of
rectangles form) and x is a real e;mber. This triple repre-
sents the situation in which the agent owns region E', controls

region E", and has a net expenditure of x on real-estate
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transactions (in discounted dollars).

This is a somewhat unusual set of‘objects over which to
express preferences, but it is just the right thing for
capturing the options availabie to the participant in the
real-estate market. Note that budgétary stringencies may be
reflected in this preference order:l'ﬂ;poverty-stricken agent,
or one sailing close to the wind, will give relatively heavy
weight‘t? variations in x.

s the land-value an@;rental measures, givenyjuse
what will be the net expenditurgé of agent i if he chooses E'

to own and E" to control? The answer is

i ({9 S ! )
x = w(EM - (F), )
¢ o

control set E", net of the value
fo 2

GRS

that—4s, the rental for his
of his initial holding_Fi.kAfi) seems rather surprising, since
it is independent of EF; Té demonstrate (1), we think of the
agent as making four trangéctionsgy SE):Selling his initial
holdinq} Q&i} buying_E’j;iégg) renting;é;t E'\E" (the portion
of E' he does not chooseéﬁo contrcl))fiézﬁ acquiring control
over E"\E' (which, toga@hef with E" n E', gives him the get
E" for control). The net expenditures for these four ﬁrans#/

actions are the four respective terms in

(fag" .,;/»"
Mg (Fy) +M(E') = w(B'\E") + uw(E"\E'), - Ve
~o ] :

which is the same aﬁ {(1). (If the "bases" of some of the
rectangles constitﬁting E' overlap F; at time tor then a part

of gi) and (ii) i# a fictitious transaction in which the agent

P
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sells to himself, Thig“zafvceurﬁe! will have no effect on
the sum (2)6@
Intuitively,_g' does not enter (1) because it is bought

and then rented et (partly to the agent himself perhaps), hence .|
(4 1)

incurs a net expenditure of zero, by %¥3Qpévthewpreceﬂtng“sect*en

This underlines the assumptions behlnd that equation, which can
be put roughly as followsy The;ﬁattern of ownership really
doe%n@t matte:,Abecause marketggoperate without friction and
nobody gets any psychic lncome from owning 1and*§$£j?g.

We now specialize our assumptions concerning preferences
to bring them into line w1th this approach; Q%gelgaxwe assume’
that each agent is indifferent to variations in the first term
of the triple (E', E", x). f This is a considerable simplifica-
tionﬁ because it means that each agent has a well~defined
preference order over palrs (E", x). Assuming i-(@or 91mplicity
of notation if nothing e;se)i that these orderings may be
represented by utility ﬂﬁncticns, we have for each agent i a
function |

(6.4.%)
Ui(E, x) 3

giving his preferencee over combinations of E, the region of
Space~Time that he controls, and x, hts net discounted
expenditures on real*estate.{yﬂ = E" and x are connected by
relation (1).

The conditions for equilibrium in the market for control

of Space~Time may now be stated., Given initial holdings Fi
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at time go,rj\and utility functions (3) for all agents, the
S

equilibrium consists of (i) a bounded rentaltpeasure, ¥, on

B, (11) a bounded land-value measure ut for the initial time Z

-.w

to' and (1 i) a measurable partitlon (Ei) of E, among the

agents 1i; and

( G 158 ] Lit ;\é,g‘l_})
By [E L uﬂgo@g] v ﬁ»ﬁ" )

must be maximized at E = E, over all possible measurable sub=,
sets E of B , for each agent i.

‘Thatﬂig; given the relevaht prices for regions, no agent
can choose a more preférred region than the one he actually
has chosen, and these:chosen regions partition the market.

Note that the mérket fdr ownershig of real estate has
dropped out of sight, except for the initial holdings., We
shall in fact conceﬁtrate all our atteﬁtion on the control
market. |

Even this simplified model seems still Eoz general to give
interesﬁing results. We therefore consider a fﬁrther specializaZ

tion of (3), with the utility function U in the form

(6iS$:35)
Uy (B, x) = V; (B) - x = —5)

'y AANN f’i/‘w

for all agents i. ,(5) represents the assumption of "constant
marginal utility of money"fiand may be taken as a reasonable
approximation imthe-ecase when real-estate expenditures are

just a emall fraction of on='s total expenditures.
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A £5) leads to a great simplification in the conditions of

equilibrium. Specializing (4), we find that the conditions

for p and the partition (Ei) are independent of the initial

holdings F;. The conditions are that E; must maximize
(@héié}
v, (B) - u(E) | LN
over all measurable E g Eo' for each agent i.
In the special: utility function (5), v is a set function,
whose domaln is the-t&gma fleld on E_. If,‘in particular,

b {71
is a bounded signed measure for each i, +then we caﬁiﬁrove the

existence of an eguilibrium for the real-estate market. f

~ ‘We-shall do-this-presently, bﬁt fxr“f let us centeﬁplate
the stated condition on yi and &iscuss its plausibility.
| First, Vi is allowed to bg a signed measure, so that it
might conceivably take on negative values for certain sets.
This means that agent i would:prefer not to have control over
certain regions. Is this realxstic? Control, 1% f t, is
typically attended with some obllgations or other disabillties,
and these might occas;onallg outweigh the benefits of control.
BExamples are legal liabiliéy for accidents, fex maintaining
nuisances,‘and.éeiwpaying @roperty taxes (in the cases where
these liabilities devolvegbn the tenant rather than the landf
lord), the onus of being é "slumloxrd®, etc.

Thus, since it mighé have some applicationstland since—it

creé}es no mathematical @omplications, we shedl keep the

generality of using signed measures rather than measures per se,

o
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Neta, however, that the equilibrium rental distribution might
in this case also turn out to be a (proper) signed measure.

More interesting is the additivity condition on Y.

(6:37)
Vi(Ey F) = v, (E) + Vv, (F)® (4)

This says; roughly, that the desirability of contreolling a
region does not depend on what other reqions agent i controls.
In general, 1£# will not hold in the real world. In-faet,
One can think of several situations where the left side of £;¥
should be smaller than tﬁe right, and several others where it
should be larger. The "smaller" case arises because regions

can be substitutes for:each other. ILet E and F be alternative

plots suitable for rgéidential use by person i. He might have
little need for both eﬁ»them,kand therefore be hardly willing
- to pay more for E and F combined than for either ome alone.
sAad,rgn general, after a certain amount of land at the right
places and times ﬁas been acquired, an agent will not be able
to make much use ‘of additional land.
' COnversely, the left side of ez; will exceed the right

when the regions E and F are complementss They might be too

small separately to accommodate a certain projected land use,
but adequate together. In this case, agent i mitjht be un{-:
willing to'gay much for one of these regions without the other,
but a good;deal for both together. "Too small" can refer
either toigyace or Time or both. Lhubt suppose E and F are

p %
both rectghgles in § x T, They may be adjacent parcels over
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the same tlmehinterval together adequate to adﬁommodate a
plant;;{or a complex of "linked" plantS)Z;of efficient size,
but too small separately. They may be suécessive time-
intervals of the same parcel, each too short alone for a
certain developmental projeét,&but adequate together., 1In this
case agentv} might be gilliﬁg to pay a premium to have a long=
term lease encompassing bq%h E and F.

There are several rg%luworld manifestations of this
effect. Plénts buy up eicess land in hopes of induci@g "linked"
plants to settle there.?' Large patcels tend to be worth.more

10, -

per square foot than small ones, These phenomena would be

hard to explain if-%ﬁg-held.

In general, the;g_ggg of éééis region of control is an
important factor in;its value to an agent. Connected, "chunky"
parcels, if small,;£end to be preferred to fragmented or
elongated oneéé' éﬁeuxsasonwism@hat the uses planned by one
agent will generally have heavy transport-communication flows
among. themselvea@ the movements of the agent himself, the flow
of goods in an integrated plant system, the flow of messages
between headquarters and field offices, ete. A "tight" site
pattern tends to save on these "connection" costs.

vﬁhere—are_gertain exceptions, which howevengrove the rule
that certain sh;pes facilitate interaction better than others.
A multf;stage assembly line process (as in automobile manu&,

o’
f;cture) might be best housed in a long narrow plan%site. A
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similar argument has been applied to agriculturé} in terms of
gase 6f plowing and communication wiﬁh the world at largé%éy’

‘These examples are spatial, bgi similar argumenté apply"
to:Eﬁne@ For the same total duraﬁion, one connected stretch is
generally prafe:red»ta a‘ﬁumber of small interrupted intervals.

These arguments apply mainly to "relatively small" regions.
For "large" regions, the substitﬁtabilit& among neighboring
points begins to outweigh the’complementarity, and one preferg
to have one's sites scattered, For-example, chain stores
spread out rather than agglomerate.

~ None of these “shage? effects would arise if the

additivity condition é;f were valid. Nonetheless, we persist
in assﬁming it, as a mathematicaliy tractable first approxi-
mation, -and one which compromises between the two ;pposita

tendencies we—have just discussed.

6.6. Equilibrium in the Real-Estate Market

We shalld state the prbblem abstractlys Given measurable
space (A, E)b\and n bounded signed measures% ul,...,u do

there exiet n measurable subsets, i""'gﬁ’ and a bounded
bticsT
ulgﬂhd measure u-;\such that«\

(4) the collectlon {hi,...,Ea} is a partition of ﬁ,\«ugi

xﬂﬁéié for each i = l,...,n, E‘ maximizes

By (E) - u2(E)

over all measurable subsets E?
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The interpretation we have in mind is that A is the sub<
set of § x T for which the real-estate mérket exists; u2 is
the rental (signed) measure; there are ﬁ participants in the
market, and Ea is the reglon chosen by agent i for his control,
the net cost to him being u°(Ef), (1) is the same asgiszwms

—section—5 and is the utility level of agent i if he acquires
region E. (We have changed the notation V. to ul, since we are
assuming this functlon is a (signed) measure? Conditions (i)
and éii) are then precisely the equilibrium conditions for the
real~estate market.

We shall prove the existence of equilibrium. Note that
the number of participants in thé mquet.is finite, and ailse-
that all the My )s are, finite. ?he first condition is essential;
the second can be removed, but (1} then requires some re-
interpretation. This will be aene in,mNUdMHv section ’qvj

Our method of procedure w;ll be indlrect, and we shall
prove several other propertiés of the equilibrium. These ,—in
faet, have independent econo&ic meaningsi and are of interest
in themselves. ;glsé;s§his precaduregpaves the way for the

generalizaticn to pseudomeasures which comes later.

Recall that a Hahn decomposition of a signed measure u is

a pair of measurable sets, (P,N),‘whieh partltion universe set
A, and a¥e for which u(E) > 0 on all measurable sets E c P, and
u(F) < 0, all measurable F < N. We now need a generalization

of this concept to several signed measures.
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C;Vwﬂwrﬁefinition: Given measurable space (A,%Z), and signed measures

(ul,..‘,un),’an extended Hahn decomposition is an n~tuple of

e ggﬁ measurable sets (El,...,En)ﬁwhich partitions A, and for which
(66.2)
uy (F) > u (F), “2)
b
on all measurable F g E;r @M i, j=1,...,n.

That is, on E., giﬁ}s at least as 1argeias any of the other
signed meaéures pjjkj = 1,...,nf?uk

The economic interpretation of the condition that
(E{,...,E%) is an extended Hahn decomposition is that, on any
measurable subset of Ei, agent i will at least match the bid
of any other agent. This appéars to be a reasonable alterna-
tive definitioh for a pattition being an equilibrium for the
real-estate market. | “ |

This definition of eguilibrium looks quite different from
the definition given by (1), For one thing, it involves no
mention of any rental distribution p®. But our next resulty
shows that, in fﬁat,_iﬁri&mégk these two definitions are

equivalent.

qi«gTheorémﬁ Let uﬂﬂ;and ul,...}un, be bounded signed measures on
-measurable spacé (n,2), ada iet_(Ei,...,Eﬁ).be measurable sets
Qﬁiéh partition’g. Then ﬁP satisfies one of the following
= “ng onditions iff it satisfies the other:
g(i) or each i = 1,...,9,TE{ maximizes

a¥y 1\

i e '.’53
o | u (B) - ue (m) (-ea—)'
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cv%r all E¢ I;
qw'(11) or all i, j = 1,...,n (i # 3§),
, - (b.6.4)
My (F) > po(r) > uj(F); - tF)

’ - for any measurable Fg Es.
: - Furthermore, twrs eu&aes a bounded sxgnedluﬂ satlsfylng

one (hence bath) of these conditions iff (El,...,Eﬁ) is an

extended Hahn decomposition for (ul,...,un).

*’ﬁmlproofz Let EP maximize (3), for all i, and take measurable

P g E° Then
Ui (EI) - us (E ) > L5 (Ei\?) e (E“\F).,j_n
Simplification yields the left inequality ig (). Also,

Wy () - ue(E$) > uy(ES U B) - ue €5y B oy

Simplification yields the right inequalzty in (4),

S

WMMW

Lz*Conversely, let (4) hold, and take any E € Z. Then (3) is

M=

the sum offn terms: u, (E n E%) - ue (E n Ev}, . ® Bsvos i) e

1

5%
L— \
For all 3 # i, thaséZE?rms are <0, by the right inequality in
{(4). Hence :
¢ § (’(ﬁ‘{g/’i "

ui(E) - u°(E) <ui(Enm) = W2(E n EY) . (325
i Also : ‘ :
- . (:6&3@
- 110 (00 5
% 0 <1y (Eg‘;\E) ue (Z2\E),
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by the left inequality of (4). Adding (5) and (6), we obtain.

; - U;(LE) ~ u2{(E) < ui(E.J?.) - ue (,E"%),
e ; - o \\ l .(y; ,s

so that E% does indeed maximi#e (3). This proves thefequif,

valence of conditions (i) and (ii). e
%rﬁﬁb,/”ﬁegtﬁkguppose there isré u% satisfying these conditions.
( © The extended Hahn decomposition condition (2) follows at once

from (4). /

Finally, suppose (gi;...,Eg) is an extended Hahn

decomposition for (ul,..,un). For u® choose the signed

————

s

measure given by
USAE) = py(E N E) +...+ u (B EZ), )

all E € I. (wﬁét~§s, p2 is the direct sum or patching of the
J : -' ~

My respectively restricted to,ﬁg, i= 1,...,nf} Then for

measurable F ¢ Ei' il dtada -
\ S A D

T SRR = uy(E) 2 uy(E),

from {7) and (2). fThis implies (#. M~ (J @

¥
|
L { % —

/#f%ﬂﬁmTB) is the saﬁe as {1), so that ii) is precisely our
original condition that u? and (gf,...,g;):égxén equilibrium
for the real—estaﬁe market. We havé just shown that there is
a u® such that this is the case 1ff (Ei,...,gg) is an extended
Hahn decomposition. Thus in this sense the two equilibrium

concepts coincide. In addition, the result justfobtained
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states a necessary and sufficient condition for a given signed
measure P2 to be the rental distribution in the real-estate

equilibrium, This is (), and it, too, has a simple economic

interpretation: at the price at/ which something

sells must lie between the highest and seconé-highest offers_
of the bidders in the market. |

We -sliall now prove the existence of an.equilibriun_lJ This
wili-be-done by proving that an extended Hahn decomposition,.
(Ei,...,Eﬁ)ﬂ‘exists. The preceding theorem then implies the
existence of a rental signed measure 2, and together these
satisfy the equilibrium conditions (1) or {3).

In fawt@we shall prove something stronger: Given signed
Measures Ugsess ol (not necessarily finite, or even aaqma
finite), if each ég__ of these has an extended Hahn decomposifL
tion, then so does the whole E—tﬁple (ul,...,un). To see that
this implies the e?istence of a decomposition in the case we
are considering, let ui and u. bekbounded signed measures,

J

Then Wy = uj is a signed measure.y Hence,qby the ordinary Hahn

decompositlon theorem, there is a pair of measurable sets

(P,N),fwhieh-partitions 2, and for which -
D w1 - uy(F) (2,20,

= s
for measurable F ¢ P, F g N, respectively. But this is pre=

Ko

il

cisely the condition (2) for (P,N) to be an extended Hahn

decomposition for theﬁpair (ui, uj). Hence such a decomposition
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exists for any pair of bounded signed measures. The premise
of the following theorem is therefore fulfilled, and we
conclude that a decomposition exists for any n-tuple of

bounded signed measures.
BT S P o Sapman .

q¥»iﬁheorem: Let (ul,...,u ) be an n-tuple of signed measures on
,jéa space (A,I), such that each pair of %,eaa has an extended Hahn
)J A
— decomposition. ;Than the whole n~tuple has an extended Hahn

decomposition.

g;, Proof: hBy inductlon on n, The statement is true for n = 2 by
: assumption. For n > 2, Lotmas suppose it holds for n=1,
i}:ﬁ and prove it for B

: Thus, for (ul,...,un l) there is a measurable(§~n~tuple

(@l,..., ~1) ﬁh&eh parfitions 2, and for which L
. ((aﬂ"r:(»
Mg (E) 2 uy(F), ey
for all measqiable 4 ngi,«c&& i, 4w 1,...,@-1;
g For each i= lyeee,n-1, . there is by assumption an extended
|

Hahn decomposmtion (?1, N;) for the pair (ui, u ). Thus

(6-6.4)

{l/ﬂ Hy (F) 2w, (F) 499

for measurable F ¢ Pi’ and, for F ¢ Ni' the opposite inequality

holds. HNow define (E2 ,....E») by
Bfpn. By 0By "
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We have -new shown that (Eﬁ,...,E°) given by (10) and (11)
is an extended Hahn decomposition for (ul,....u }o This
completes the induction and the prcof. }44:gﬂk e

We have now proved the existence of equilibrium in the
real-estate market with a finite number of participants. What
1f the number of participants is infinite? (Thls might occur

“?pm—-n-—.
with an unbounded Space or Time horlzon)  ‘Now there is no

trouble extending the definition of equllibrlum, and of
extended Hahn ﬂecomp031tion,fto the case of an infinite number

of participants with ccrrespénding bounded signed measures uy®
This will involve an infinite measurable partition of A, the

pieces in lﬁl correspondence with the ul’s, and the relations

(1) or (2) holding for each piece. In fact swe make this very

extension later.

But is it true thaﬁ this equilibrium,,orvdecomposition,
always exists? The answer %zrgg, as the following trivial
counterexample demonstrates. Let the space A consist of just

one point. Let Uyr Ugrenwe be an infinite sequence of measures,
: 1

M. Y,
wnamalzq\u () =1 ~/~, D= 3,200 4 i*#z&*ubv&e&smghax _no

equllibrium, and no extended Hahn decampositlon, exists, since

no matter to what partlcipantig we assign the single point of
(

A, he is "outbed" by participant n+l,

Let us turn briefly to the guestion of unigueness of

equilibrium,

+ / ;
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= o\
/w"‘w ‘
G;Eﬁ Theorems:

Let (ul,...,u ) be an n-tuple of 51gngd measures on

N\

(El,...,E ;\?e another n-tuple of measurablefsets Jhich

f’
partitions A. Then (El,...,E ) is also an thended Hahn

decomposition 1f£ /

ui (F’ ” Uj (F)
for all measurable F gz {E° n Ej), all i, 1 & Y 4000
-4 ;yfproofs

;tigj measurable F - (E3 n E, ). Then My (¥) > “j(F) > “i(F)' from
(2), which yields (14).

i

Conversely, let (14) hold, and take measurable F ¢ E,.

ﬂg

ui(F) b ui(F N Ei)+"'+ ui(F n Eﬁ)

e s——
TR ——————"

v "'\»’*’"‘xﬂ\,«"""?.// 5 6{9-(‘4" -,
i > s F E.ﬂ, +oc~+ ) Q = 2 ’ \j/
| 2 ug(E 0 EP+.. o+ uy(F 0 ER) = uy(E), b

i for any j = l,.es,n. The first and last equalities in (15}

arise from the fact that {El,...,E~} is a partition; the middle
,u—‘&?-\'

equalitykfrom (14) and the fact that (F n Eﬁ) =1 (Ek n E; ); the

inequality in (15) arises from the fact that (Ef,...,EK) is an

extended decomposition.

yﬁ%&S) implies that “i(E)-Z uj(F) when F G‘Ei, so that

RT)N (4\ |
. (giivniﬁn) is indeed another decomposition. |}}* (/@

e

(/(,,‘(’::Jivf}

g

space | (A,Z), with extended Hahn decompositioq (Ei,...,E )i let i//
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This theorem has again a simple economic interpretation.
A given regionygjcén be under different controllers in two
equilibria iff the§£ bids over this region are identical.
Condition (4) for the rental'distribution u® then implies that
u® is identical over F to th&s common signed measure. The two
agents are then indifferent about controlling F, the rental
just cance{;ing out the benefits they reaeive from this
control.

Thus, while multiple equilibria are possible, they are of
a somewhat trivial character from a praatical point of view.
The extreme case occurs when all the ui’s are identical (all
agents have identical preferences). égé easily verifies that
any measurable partition into n pieces is an extended Hahn
&eccmposition in this case, and}anﬂequilibrium; the rental
distributian.uP is this common signed measure, and all agents
are indifferent among all pnséible regions,

It is very common for gqullibrma to satisfy one or another
extremal condition wh&eh can be given a welfare interpretation

of sorts. Our final result of this section is of this

character,

4

¢
C?%*:ﬂThecrem: Let (ul,...,un) be an n-tuple of bounded ajigned
measures on space (A,I). The n~tuple of sets (Ei,...,Eﬁ) is
an extended Hahn decomposition iff it maximizes

(‘Dc‘..,‘ bt}
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‘[' over all measurable n-tuples (El,...,En)”w§§éﬁ partition A,

‘ﬁ_4§;;f§roof: Let (El,...,E ) be an extended Hahn decampasition, ﬁnd
thﬁ let (El,.,.,E ) be another measurable n~tup1e~whxch partitions

;ﬁﬁfﬁ . A. Then

3 ; ff(m(fs:l"j )

u‘i (§3°: ﬂ Ej) 3’_ Uj ‘Ei ﬂEj) _f'j."?")

for all i, j = 1,...,n, by (2). Adding the inequalities (17)

over the gz possible (i, j) pairs yields

.,‘t.»
&
Ere
L)
——
A

My (B *eeet w (B2) > g (B)+.. 04 B (B )y | “18)

80 that (E ,...,E ) does indeed maxzmize (16).

e aﬁ’canvarsely' let (Ei""’E") maximlze (16), and take

measurable F ¢ Ef. Define E, = E*\F Ej = E? U F, and Ek ER

©
: §
for all k # zFZk ¥ 3o k= 1,...,n. Then the n=-tuple

)2

Y AL WD

(El,...,En) partxtionsté. We then have (18), which simplifies
to J

(E‘g) + Uj(E°) > ui(ﬂ \R) + HJ(E’? U F)h&

and this in turn simpllfles to ui(F) > u (F). Thus (ES ,...,E%)
-3 3
is an extended Hahn deeomposition. inﬁw g

i I X

{' This again has a simple economic interpretation., If

e g

S

§ ' P
(El""'En) represents the way im-which Space~Time is
partitioned among thgfg_agents, then (16) may be thought of as
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a kind of soci§1 valuation of this partition. It is the sum
of the values widch each pafticipant personally places on the
region allotted ﬁo himselfji _(These values are all measured
in the same units, ngg;ié discounted dcllars).4
.__%TA”ESW Thus a given partition is an equilibrium for the reals=

estate market iff it maximizes the social valuation of land in
discounted dollars, as given by (16). This is a useful observac
tion, though éﬁ@ cannot draw welfare or policy donclusions from
it without further assumptions. |

In all the preceding analysis it was required that the
n-tuples (E;,...,E ) form a Eartition of the universe set A,
rather than just a packing. Ig other words, the entire region
had to be allocated;s ﬂ%e possiblllty of leaving part of it
vacant was not allowed. At first glance this seems rather
restrictive, especially ra—view—of—theﬂfact~that we allow
glgned measures, so that so@e agents would prefizrggg to control
some regions. In the real;ﬁorld, would not a universally
repugnant region be left g;controlled?

But d4a—£faet—this apparent generalizaﬁion is already conZ

tained in the preceding model., We simply add a "dummy"

participant n+l, with !} n+l 1dent1cally ZEeX0. Lettlng(él,...,

+l) be an extended Hahn decompositlon for (“l""'un+l)’ we

—

find from (2) that all the 51gned measures “1""'“, are’non+{

positive over E~:1, while ui is nonfnegatlve over E% =

{i = 1,.s.,n). The obvious interpretation of this phenomenon

p
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3 =
is that Ef is the reglcn chogen by agent i (i = 1l,..0,.n),
while §° is the residue which=is left vacant. All the

preceding theorems remain valid for this situatlon.

6.7. Joint Control and Agent Measure Spaces

We now consider a few real generalizations. In the
above analysis each agent obtains exclﬁsive control of a
Space~Time region. But in the real world there are numerous

examples of joint control: partnerships, jo?nt ventures,

4 3 At don, f”
committee management, corporate stockholders, ete. How 5o ;s

represent»this? |

It is not immediately obvioﬁs how to “split“-a set E
among several agents in proportion td their share of control,
However, recall that with any set E ¢ fiis associated its
indicator function IE'A + {0,1}, a&ﬁgi&yl (a) = 1‘if»a ¢ B,
= 0 if a € A\E. There is a 1=1 ccrrespondence between the
subsets of A and the set of all 0~1 functions on A by this
association. Thus, instead of representing.a real-estate
allocation by (El,...,En)%$f%heSe fq?ﬁing a pgrtifinn Qf Kifﬁm
we could juét as well have xepreSented it by the gorresponding
§~tuple of indigff?rs (Iﬁl;...,iEn). :> ;

Hote—that,> for éngiié A, we have

-

o SEE (6.7:1)
I (@) +.00+ I (8) = 1.7 I

Indeed, (1) is just andthe; way of saying that {El,;..,En}

is a partition.
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The advantaqe of using indicators is that it suggests,the

proper generalization to joint control. Namely, w1th agent i

B - e e
/.

us associated a measurable function hi.A - [0 1h taking values
in the closed interval of real numbers between 0 and 1. The
intended interpretation isfifhi(a) is the fraction of point a
controlled by agent i, These n_functions;hust satisfy

' : ‘ (e d.2)
hy(a) +...+ h (a) -1, 5 ] = -

for all a ¢ A, since the‘total of all fractional controls must

add to l;;}

—
\.Exclusive control is prec1selj the special case in which

all functions hi take on only the values 0 or l.: They are
then all indicator functions, and (25 reduces to (1).

The entire structure of the real-estate market model
generalizes in a corresponding way. Instead of preference
orderings over pairs (, x), as ingié;)afmsection-s, the various
agents have preferences over pairs (h, x). If p°® is the ‘

rental signed measure, the rental for the control pattern given
by h will be
)]
[ B @t - T
&
The special assumption we made, that U, (E, x) is of the form
ui(E) - %X, where ui:is a bounded signed measure, now becomes

'Ui(h, x) = IA hﬁdui - Xy
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again for a bounded signed u;. Market equilibrium is given

: ‘ [l
by rental distribution p® and a measurable n-tupde (h ,...,h«)
satisfying (2), such that no agent i prefers any control

function to pi,_when confronted with u®.

‘fi" Wﬁén the only allowable functions h are 1ﬂd1cators, averyj

thing reduces to the original model with exclusive control.
There is no dlfficulty extending this model to a countably

vlnflnlte, or even: uncountable, namber of participants. 1In the

former case we get an infinite saries on the left of (2), which

must converge to 1 for all a e A. In the latter case we use

(e'the concept of summation of an arhitrary collection of numbers

1&3

For each a ¢ A,,all but a countable number of the
values h(a) egual 0, and thefremainder formlan infinite series,
aéain converging to 1. :

A slightly different approach uses the concept of a

measure space of ag@nts, (B 3 ,v)\g% Here B is the set of

agents, It comes supplied with a s*gma-field Z' on which is
defined measure v. Intuxtively,'v(ﬁ) gives the "influence" of
the set of agents E. Tq’pin down this notion, we need a
corresponding geaeralizétion of the concept of ailocation in
the real-estate marketii. In the finite case, this was an
n-tuple of functions (ﬁl,...,hn) satisfying (2). This may also

be writt%n as a singlé function

(b:4)
h:{l,.‘.,n} X A g {Oll]!: ﬁ)
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/
For the set of traders B, an allocation will be a measurable
function ~
(s )
E:BX_A” 0,11, v

with the rough intuitive meaning: h(b, a) is the fraction of
land at a € A controlled "per unit influence" of agent b ¢ B.

This rather vague notion, and the one above, are explicated

]

formally by the requirement:

(62
j h(b,a)v(db) = 1, 6
,

v/

for all a ¢ A.g {6) and (5) generalize (2) and (4) , respectively,

and indeed reduce to them when B consists of just n points
("agents"), I' = all subsets, and v is theiggg;g;gtisn measure.
The generality of the "measure space of agents" approach
may be illustrated by the case where v is noﬂ&atomic (ali
singleton sets {bl} being measurable). Here no single agent,
or even any countable number of agents, has positive influence.
As Aumann points out,%}:this is exemplified in the concept of

perfect competition, where each agent has negligible influence.

The obscurities that remain in the present formalism are
matched by the obscurities present in that popular concept.
For each agent b € B there is a preference order over

pairs (h(b,*), x). Here h(b,+) is a function with domain F,

"

per unit influence
and gives the control pattern for agent b, The-renta%ﬂfor this -

control is given by (3)/just as above. 2n equilibrium in the

real- estate market consist® of a rental distribution, ug g
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3 i
which is a bounded signed measure over (A,X)gx-and&a measurable

control function h® of the form (S),hsuchfthat {6) is satisfied,\v
and such that, for all agents b (gxcept pbssibly for a set of

VY -measure zero), h2%(b,*) is at least as éreferred as any other
control h(b,*):A » [0,1] by agent b.

This entire approach, using fﬁnctions h £o represent joint
control, applies just as well to.joint,ownershig, Furthermore,
there is nothing that restricts its qée Eo‘the real-estate
market. Consider, for example, the éistribution of physical
assets among economic agents'at somgftiméiinstantmy (“diStribuE
tion" may refer either to ownership;or to control). In this
case, the set 2 is a subset of R xfs, rather than of 8 X T as
in the real-estate market. For egéh agent i we again have a
function hy:h = [O,i], with the iéterpretation: h, (x,s) is
the fracti;n of iesourcéitypé_g a£ location s controlled (or
owned, as ihe case may be) by agént i,uat time t.

One final fpeint. Suppose;an ageﬂk's control pattern is
given hy;gsé * 10,1}, If'therggistsome natural "gquantity"
measure on the space (A,I), tnén the control pattern may be
expressed in terms of a measuﬁé,rrather than a point function.
For example, let A g R x 8, and hy describe the control of
physicallassets by agent i at time t. Let Uy be the_cross:“

s

sectional measure at time t (so that Wy is over (R X S) ﬁ%
. s :

L x f;), and ut(E X F) is the total mass onresources of types

B

E in region F at time t); and let ! be u, restricted to A.
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Then

o, “it = Iﬂhi%dué,
e e e
an indefinite integral over A, expresses the control pattern
of i at t as a measure: uit(G) is the total mass of resource~.
type~location pairs in G céntrolled by agent i at time t, for

all measurable G A g (R X S).

\\ Again, let of be "areal" measure on B %9, B.n 3. f1f
\q/ 5 8 t
S is taken as 3~-space, -then o may be fewr-dimensional Lebesgue

measure, say in units of "cubic-feet-days".)/ let o' be a
restricted to'ﬁo, the portion of Space~Time which-is on the
market., Then .
¢ “\:‘
Sh = f B a ay
“\' . . = - o = . e :

. a
an indefinite integral over E,r expresses i's repl-estate
control in measure form: a, (G) is the amount of “cubic-feet=
days“Tin region G conﬁrolléd by agent i, for all measurable
E’;,}Egﬁ (g » o Mgl th g

This is all very well and sometimes useful, But it-sheuld
-be-neoted-that, in our entire discussion of the real-estate
marketﬁ‘it was never eaee necessary to mention or use the
concept of areal measure. All that was needed to define an
equilibrium were the preference orderings over pairs (E, x))&»
or, more generally,(h, x). 2&nd to prove existence and other
properties of equilibrgﬁm, what was needed was a specialization
of the form of these preference orders, None of this involves

areal measure.  (Preferences among regions will of course be
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influenced by the areal capacities of these regions, among
other factors. But this does not gainéay the fact that,

once preferences are given, areal measure %?" se plays no
role. It is a fifth wheel))s This point is important in conZ
nection with Alonéc's theory, where areal meashre plays a key

.

role.

6.8. Comparison with Alonso's Theory

One of the leading theories of the real-estate market,

and deservedly so, is that of William Alonso. We shall now

: Qe » 3
compgre his theory with the one presented above. Our conclus<

ion will be that, when certain kinks dm—it are straightened
out, it becomes a special_case‘of'our own.

In his book of 1964 and precedinq publications, Alonso
develops his theory in the context of a featureless plain with
a single point of attraction, which may be thought of as the
central business district of a city:%§y But his undetlYing g
real-estate model does not really depend on this context, and,l
indeed, in a later-afticle he brieflf indicates a generaliza:
tion:%f/ We shall concentrate on the book, while stressing the
general features of the theory.

Two spec1alizat10ns may be noted at once. First, it is a
theory of Space rather than Space-Time. This creates no
difficulties of comparison when viewed formallys All the

"regions" in our model may be thought of as subsets of S if
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desired, rather than subsets of 8 x T,

Second,.Alonso’é is a pure control theoryas Only the

behavior of p%tential tenants is analy$ed in detail, while
landlords are éssumed to auction off their land passively to
the highest bidder. Our own theory has, in effect, made the
same simplificaticn, which ef-course loses a number of
important real-world pPhenomenas dlscrimination, market
frictions,.ownershlp preferences, ete. Our "intermediate
level” model, in which the preferences of agent i are sum-

CIED)
marlzed in a utility functlon, ﬁe& 9£«see%éenn§4 of the form

(‘ggg:.f\
Ui(E, x) 3

(where E is the region controlledk‘and X is total net expendis
ot T, :
ture on real-estate), does allow for one aspect of owner-=

controller interaction@ The formatlon of real-estate prices
affects the real wealth of existing 1andords, and this "wealth
effect" influences their preferences over regions (which in
turn affects prices — we have a simﬁltaneous equations
situation)., However, we éroved no theorems at this level of

generallty,ﬁbut passeqson to the "constant marginal utility of
(&7

2

&
money" formulation, %5? ef-gection—5:

wiyi(E’ 7

in which wealth effects disappear.
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Alonso comes up with a preference order for agent i of
the form :
(6.9 3)
U (s,p) _ “+2)
where s is the point at whieh he locatesﬁkand'g.is the rent
- s 2~
per acre that he must pay. - (Aetually, in the Thiinen context of
the model U, depends on s only through its distance from the
s SRR o
point of attraction, so that (2) is a context-free generaliza-
tion of what appears in the text. The same is true of all
; : % _~ iy
the other functions involv%ag'1ocatioq,that~wewwr$te below.)
The indifference surfaces of (2) are called b1d~price curves.

J,!;;_l!\ A AR

”}5 (2) bears comparison with (1). It is,—in—faet, a sort of

"single point" version of (1), the single location s contrast-
ing with the region E, ah&’the rent density p with total

expenditure x.
: }M([A&t :
O +{2) is derived by Alonso from an underlying preference

ordering of agent i. This takes two forms,.depending on
whether i is a consumer or a firm. We shald just consider
-the consumer case. Agent i is then assumed to have a preference

ordering represented by the utillty function

(6,73
uj (s, q, 2), )

where s again is location, g is acres of land controlled at
location s, and z is all other goods consumed except land.
Let m be the prices of the goods z, k(s) the transportation

expenditure incurred by the agent as a function of location,



591

and Y; the given income of agent i, ;The following budget
condition must #®w be satisfied: |

. : | _ lo.:4)

¥ k(s) + 1z +‘pq*w— {4

Now suppose s and p are given. Tﬁé maximum of (3) over pairs
(g, z) thah satisfy (4) will then depend on (s, p). This is
the function (2). aed ' '

Before continuing the anal?sis, it—should-be noted that
our utiliﬁy function (1) can bé derived from én underlying
prefé;énce oidering in a simiiar manner. We did not do so
before #m=order to avoid distracting attention from the
essential features of the rgélyestate market. ‘To-facilitate
comparison with €3) andf(4x:aheve,'we postulate a single
location s through whi¢h qii commerce between the contrélled
region gvand the rest of £he world occurs: (This plays the
saﬁejfale as Alonso's “f?ont door“; fee below.) We then

postulate a utility function

_ (0.%:5)
ul (s, E, 2), +5)
where E is the re§ion‘¢ontrolled by agent i,'and z is all other
goods, as above., (Actually, 2z should be written as é signed
measure over R x § x'T, We do not do so in order to keep
thingé as similar as Q;ssible to (3) and (4{k§ Also,. let Y;
be the agent's wealth in noﬁgxealaeatate aséets.

Suppose new we are giﬁenvﬁ, the region agent i chooses to

contrel, and x, his total net expenditure on real estate. The
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following budget condition is analogous to (4):

: ((t Iglé}
¥; = k(s) + mz + x° t6)

All terms in {é} are measured in discounted dollars. The
maximum of {5) over all (s, z) satisfying (G)IWill then depend
on (E,'x). This is the utility functibn £ET .

Let us now return to the Alonso uﬁility function (3),. and
cdmpare it with our (5). The regibn;ﬁ'in (5) can qfrqaurse
be any measurable subset of the universe sét. Thus.it can be
the union of any number of aisgdnnééted pieceé, each of these
being of more or less arbitrary size and shapé. By contrast,
(3) refers to location "at" a single point s (or; in the
Thﬁgen context, "at" a singie'distance from the point of
attraction). Thus(‘there is no way of representing the
preferences of an‘agent-contemplating multiple locations — say
a family wanting both a town heﬁse and a country hgﬁseékor
wanting botﬁ a house and a business site. Thére is also no way
of representing preféienaes regarding shape of lot, as opposed
to:giag, which is representequy q?iz/ :

A secbnd point concerniﬁg {3) is logically more serious,
because it involves an actual inconsistency.x If the acreage
of land controlled is positive (g > 0}, it must be spread over
more than a single point (and even over more than a single
distance from the point of attraction). Hence there is no
clear meaning to the concept of being located "at" the single
point 8 (or "at" a single distance from the point of

attraction).
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Alonso is well aware of this problem of the "extended
poind"%) Before looking at his methods for dealing with it,

lééQQS‘contemplate an alternative method. This involves

postulating a measure space of agents, (B,Z',v), with YV non=~
atomlc, é»&a Aumann., »nne might argue zntuitively as followsg
Since any one agent now has zero influence, he may be thought
of as located literally "at" the single point 8, even though
his "acreage per unit influence "y 90 is positive.

Whatever one thlngs of thzs argument it is not dlfficult
to write ous, formallyt;the equilibrium conditions that resulth

from it. Let p*-s > reals be the equilibrium rent-density

function. Each agent b ¢ B maximizes (3) over s, g, z, subject
to condition (4) with p(s) = p2(s). (Subscript i is replaced
by b in (3) and (4)$\i Let s(b), g(b) be the locational and

acreage choices of agent b. Then we must have, for any

region E, : a é;} ; o
K;S q,dv = a(E). .

{b|s (b)eE}

iij s£ates that a(E),fthe tétal area of E, must equal the total
demand for land by those agents who locate in E.

' Alonso does not take this. tack. Inﬁﬁgé, the Aumann
approach requires anruncountable number of agents, while Alonso
always works with a finite number. Instead, hg makes agﬁgg

‘hoc assumption whieh depends essentially on the Thiinen cdntext;a&% ./

namely, that (s, g) refers to a ring-shaped region of area 9
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concentric with the point of attraction, whose inner radius
is the distance of s from the point of attractionéa (/nis
assumption is dropped in his Appendix EBE}.

The "extended point" probiem causes one other bit of
trouble. -Namely, since there is no single location g,"at“
which the agent chooses, there will in general not be any
single rent density p(g) eiéhef. This means that the tarm‘gg
in (4) must be replaced bf;hn integral, giving total expendi-~
ture for control of the rihg (s, 9) chosen by the agent. gfhis
is done in his Appendix A}; It also means that the derived
utility funation Ui(s, p)>¢-which'is (2) abewe L-with'its
”bid-price level surfaces, has no clear meaning.

Finally, lﬁfégpend;x B of-his—beek, Alonso postulates a
more generél utility function than (3) -in-exder to take account

of shape and avoid making the ad hoc assumption just mentioned.

The agent i chooses a pointwlocation S, called his "front

dooxr", and a reglon_§ftq control. His preferences are f:f-
expressed by the utility function o e Vl
g e A
\D 0) 9{ 8, IE £(a'(s,y))May), z|. , —8)

The g-argument in (BD has been replaced by an integral, the
other tﬁo arguments s and z, remaining the same. O fé} as
1‘ J (-Z’&p
usual,Vareal measure. NOY]& can be expressed in terms of
Wh
region E: = o(E) = J 1 da 4 so that (g/Xcan be thought of as

a generallzation of (3) in which 1 has been replaced by a
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nogiconstant integrand. 1In this integrand, d' is the
(Euclidean) metric on the plane,vandyffis some positive,
strictly decreasing, fundtion. In effect, (8) m&kes the valuel
of a pointdg inversely reiated to its distance from the
agent's "front door"., .

With this change, Alonso's m@del becomes a special case
of our own, ﬁbr'(a) is a sPeciaiization-of the utility
function.(ﬁ).v The budget condition in both cases is given by
{6). &as_ dﬁscx&beéuabeve, we can thus obtain the derived
utility function (1): " U, (&, x), etc. :

We now qiven an 1nforma1, nogjrlgorous, argument to indi-
cate how (&) glvea information concerning the shape of the
region E, Let rent density function p2:s -+ positive reals be
given. Suppose s, 2z, and x are chosen in advance. Subject to
these values, and to the budget constraint (6), we are to
¢hocae E to maximize (ﬁ)ﬁ Any conditions derived from this
problem will be necessagyffor optimality in the original

problem. Assuming (£) éo be‘increasing in its middle argument,

2|
one easily verxfmas that this speciiij;;oblem simplifies to:
IMEXJ.mize ‘.5 O
% : ( ( il
! £(a' (s cy))a(dy)
B
over E, subject to 3ﬁ T*w
p° da = x.
A s
/\} M‘cﬂ%
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This can be turned into an allocation-of-effort problem sweh as
~we—considered inéghapter 5. Omitting detaﬁls, the optimal set

E® has the fdllowing form:

| (6. 8D
E = {y|£(d'(s,y))/p2Uy) > "}’)\ 1

for some constaét ¢. Along the borderlige of E®, the
inequality of (9) becomes an equality. |

Alonso derives this conditioni&thqi the ratio of £(d'(s,y))
to p2(y) is constant along the borderlgné. But at this point
his analysis falters. Assuming rent-dénsity pe to be a
decreasing function of distance from ﬁhe point of attraction,
he concludes that the optimal region is eggnshaged. (Recall
that we are on the Euclidean planeﬁQ;ABut this is impossible in.
market equilibrium, since the plane f;or any- circular disc on
it %:cannot be partitioned into egg-shaped regions., The |
corréct conclusion is that utility fﬁhctions of the form (8)
preclude the possibility that rent ﬁénsity has the property
jJust mentioned. On the &ontrary,vthe real-astate market
equilibrium (if it exists) must be such that, witﬁ the given
p?, the agents choose regions which partition the market among
theﬁ?“ﬂ |

In conclusion, in its most déveloped'form& Alonso's model
becomes a special case of our owq; Earlierx versioné involve

either inconsistencies or ad hoc assumptions.
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The following program remains to be carried out. For
plausible utility functions U, (E, x), find the conditions under
which a real-estate market equilibrium exists, describe its
‘fcrm, determine the egquilibrium rental meaaﬁre pm?néind any
interesting extremal or other properties that the equilibrium
possesses, |

Among the plausible utility functions are those derived
from an underlying utility.of the form {#), with budget
constraint {6). Since Alonso's'exposition is flawed, it is not
clear under what conditions an equilibrium even exists. More
general functions than (8) should also be considereds For one
taing, it seems unlikely that an ageﬁt with preferences
represented by (8) would ever choose a region of multiple
scattered locations, a very_common;real~wdrld phenonmenon.
Rather, he wéﬁld choose a region ?ightly clustered around his
A“ftoﬁt door". To generalize, gﬁé‘needg the possibility of
numerous "front doors?; or-perh§§s an entirely different form

of preference ordering.

Tl\' ;“5 : .u« Ywo cases, The [".d—
-The—oniy~ease—$aawh&sh—%he-program has been carried out ,

is where. U; (E, x) = My (E) - x, for some bounded signed measure
My (agents i = 1,...,n), whlch ylelds the theory of sectlon 6

(anﬂ which ,—-in-fact, we generallze in the fellewing §ection).

not—-very-realistic, as-our preévious critigue “indicated. The

Secomd case is e Thine evuikLvium ol X?GEé‘“Jvu
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 <%\) 6.9. Pseudomeasure Treatment of the Real-Estate Market

an
ket—us8 return to the real-estate equilibrium model of
G 07
section 6. for convenience we repeat it here. We are given a
measurable spacexk(g,i), and n bounded signed measures ,
.
,;f “l”"'“n' one for each agent in the markat.

&[U‘w “ﬁJ . An equlllbrlum consists of a rental distributionlkuu, which

& is a bounﬁe&z§igned measure on (A,I), and an n-tuple of
% measurable sets, (El,...,E iz,ﬂﬂl&h parﬁition A, and are such

that B2 ; maximizes
o : | (6.q.1)
) _ ug (E) - we(e) -
} \sgj _? over all E ¢ Z{ for each 1 = 1,...,n. The interpxetation,(qf
. | course, is that Ei is the region chosen by agent i, whiie (1)
is the utility he attaches to the control of region E, u°(E)
E beiﬁg the net expenditure he incurs for this control.
\EQ We want to generalizé this seg}up in two directions.
First, to consider the case of a (countably) infinite number
of agents. Second, to consider what happens if u°, or some or
all of the Uy ’ are inflnite @@agma-finlte) signed measures.

Before 1aunch1ng into details, &etmus briefly discuss the

question of whether such generalizations have any possible
applications:r (ﬁe u?e the term "applications" as usual in a
rather libaréi senséﬁ. Consider models with unbounded Space

or Time horizons. vﬁn the "endless plain® of location theory,

for example, where;the same paﬁterns are repeated indefinitely

\/ {gs in the Laschian'systemgw,we may reasonably presume that the
d .i) '«‘x}
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number of agents, and total rentals, will be infinite. With
an unbounded Time horizon we may have an infinite sequence of
generations, Whether rentals become infinite with unbounded

‘time is more dubious (recall that everYthing is measured in

discounted doi}ars, so that the present.valne of total rentals
mayléiil be Eznita even for unbounded Time).

It is a little harder to find a rationale for the By in the
preferences of the individual agents to be infinite. NonetheZ
less, such a preference order might be reasonable for organiza€
tions such as corporations or goveraments which are potentially
immortal,kor'whéah'can exténd their control indefinitely over
infinite Spawe. Furthermore, there are other interpreggiicns.
If the i's are interpreted as activities or land uses rather
than as agents, gh@p the real~estaté equilibrium may be thought
“of as the resﬁlt of a global cémpetition among alternative uses
for the allocation of Space-Time.ﬁ In this case, under the
appropriate'worlé*systemﬁtthe ui may well be infinite,

%&&b*us now proceed t§ the generalizations. An immediate
difficulty arises. In (1) the meaningless expression «=-« may
arise for certain values of E. -ﬂﬁso)there may be several values
of E yielding +» (or -)gin{l). Are these to be considered
indifferent, or is it possible to discriminate among them?

The reader familiar withgphapter 3 will notice we have a
situation tailor-made for thefapplication of pseudomeasures.

v p
Namely, we interpret the difference in (1) in the sense of
Gprtt |

pseudomeasures, and, "maximization” of (1) as referring to one
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or another of the orderzngs on the space of pseudomeasures
discussed in chapter 3.
When this is done, iﬂrﬁwnnufwawtﬁthat the entire theory of
se ction 6 generalizes directly from bounded signed measures to
pseudomeasures. eﬁ&sw (gith the exception of ona,theorem)§it oA
generalizes from a finite to a countable number of agents.,
Things generalize not cnly theorem by thecrem,xbut even proof
by proof, so that one might say that the natural realm in which
the theory of 6.6 is valid is. the realm of pseudomeasures %
In what fO&&GJa we shall make ‘still a further generalizationavv N
We-shall take not merely the dlfferences ui - n ,‘but also vy
and u° themselves, to be pseu&emeasures. This may have direct
applicatlonﬁ%in casé there,are‘"inflnitely dispreferred"” as well
as "infinitely prafefrad“ regions. However, our main object
in doing this is that it facilltates the following develcopment
to pgﬁnge campletely into the realm of pseudomeasures: Proofs
are smoctherp’theorems simpler to state (as well as more general}
- of-course)., : )
=g Before gé@%ing‘sﬁarteﬁ, we neea'a convention and one or two

P

definitions., >

;T;he conventian‘arises from our dealing with a countable,.
rather than a'finite,ﬁnumber of agents. Formerly, we had an
n-tuple of gigned:meaéurééliyl)P?i,un)tland a corresponding
n-tuple of sets (Ei,;..,En).- Now W;Fhave_a sequence of pseudo~

AR (5 .
measures (wl, wz,.;q), and a corresponding sequence of sets
0N .
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J’M(A” Lean lf
(E iy v Ez,...). These sequences are countabl%y«-theé—eer—eﬁther

f%g@#@bﬁggﬁgéia&%e, We now insist that these two sequences be

of the same length: either both infiniteﬁkor both finite of
g e

length n fso that there is in any case a 14l correspondence
between'wi and‘Ei):‘ Both these cases will be encompassedzgy the
single notationk"(wl,'wz,...), (El, Ez,...)“@' These sequences
are ofjfinite or ihfinite, but in any case equal, length.

L) A {i({;.),
(Wow Fex the d=finitions. We refer to the triple (A,Z,¥)

as a pseudomeasure sgace-iff (A,I) is a measurable spaceﬁxand
wfa pseudomeasure on this space. Sometimes we shall use the
notation (A,Z,u,v) for the same thing, where (u,v) is any

representation of the pseudomeasure Y as a pair of;s&éha~finite

measures.,

an Definition: Let (A,Z,¥) be a pseudomeasure space, and let E

be

a measurable SUb%ft of A. The restriction of Y to E By is the

pseudomeasure‘space (El, Zl, wl). where Zl is I restricted to
subsets of E;, and ¥y = (ul, vl), here gy and v, are the
restrictions of yu and v to hl, respecth@ly) where (u,v) is any

representative of Y.

&«—— That is, given ¢, ch&%e any one of its forms (u,v),
restrict the two measures to E,, getting Uy and vl} and then

12 is the pseudomeasure to which the pair (ul, vl) belongs.
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It must be shown that this is a bona fide definition;
?‘“W

%ha%~is the resulting pseudomeasure wl must be the same no

£ 4

matter what pair representing ¢ is chosen. This 1; aasily
verified, The basic equivalence theorem fofzgaeudoﬁeasures
states that (u,v) = (u',v')-f(§h5£¥&s, they represent the same
pseudomeasure )~ iff

©.9:2)
u+\)'=‘—'\)+'u'h.ﬂ»' ; ﬁ-)

Now suppose w = (uyv) = (u',v'), so that (2) holds. Restrict-

ing all ne%gures to El' we ebvéeus;y haVe \

ce———"

= up v moyy + ”i'.

e

* so that *1 = (ul,vl) = (ui,vi). Thﬁé the definition is sound.

= Sometimes we shall refer to V& itself, instead of
(31,21,¢l{,as the restriction of y to E,.

waxtp we need the concept of a direct sum of pseudomeasures.

-E£I§ﬁ>gecall %ﬁat this concept means for measures. Let

(ﬁi, Ei;vui),‘i = 1, 2,..1,be a (finite or infinite) sequence

of measure spaces, the universe sets1El,'Ez,... being

mutually disjoint. The direct sum of these spaces, written

: > (‘(H/?"/
(;LEdl' zl' ul) ® (Ez’ 22' ug) @n-o —#;

&)\or ® (u;i E ’ ui), is the measura space whose universe set

G?’Ei = E; {JS (,2 Uees, whose jﬂmsgma field ®.E. consists of all

sets of the form Fl ﬂ 2<u..., where F [ Xl, 1= 1, 2,44+, 8nd
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whose measure is given by

—h b2

e (B U By Uees) = (R + (B b o 68
st —
Cliwwf B bt (Ei'zi'wi)' i=1, 2,.-:)be a (finite or

infinite) sequence of pseudomeasure spaces, the universe sets

gxgzﬁf Eyjr Egpeee being mutually disjo}nt. The direct sum of these
= i =
is the pseudomeasure spaceZ(@ Ei’ ? E., Fiw ¥ where]eiE and

\eizi are defined just as above, wh11;[® ﬁ’ 491 %i 1

(ui,vi) being any representative of wi' i % by 25000 s

XWM” That is, for each Y, choose any one of its forms (uy,vy),
take the direct sum of the éequence of measures Uys Ugpeoes

and do the same for Vir Vareeei this yields a pair of'measures,
and eiw. is the pseudomeasure to which this pair belongs.

645»13 Again, it must be shown that thls is a bona fide definition.

e
~Wekgote,lf1rst of %1h; that the direct sum of s&gﬁg finite

measures is a sigma- flnite measure. To see this, take the
=
direct sum in {3), with each Uy sigma ~finite. Each Ei then

\

| ®
| has g countable measurable partition {E, 41° E, 2,...} such that

—

ui(Eij) is|finite, all i, j w1, Bpeee o The collection of all

the sets,EEﬁ is then a countable measurable partition of ®.E,;

furthermore, by (4), My coincides gith Uy on Eij' Hence the

P

latter measure is eiema-finite. ©
3\ { s
This proves that %he pair ($ ui, ®, v.) does indeed
represent<a.pseudomeqsure. We must now show that the resulting

pseudomeasure is the same no matter what pair representing each
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component wi is chosen. To prove this, for each i let

(ui, vi) be another pair representing wi. By the equivalence

thec»re'm, l |
ui i L TN H
for each i = 1, 2,... «+ Taking direct sums, we obtain
w” % | g ’
| , | |
,w.. C\\p ; 3@

= m (vy +u) = (aivl) + (hiui).

<:?he middle eguality in (6) comes from (5);the first and lasfz&
equalities are easy consequences of {4). Hence, again using

] 1
the equ;&gt?nce theorem, we obtaln

/

, - i a9
\ 2\ 1
R (ﬁiu;. ﬁv \’i) (k H ’ @V ) N

‘Hence the direct sum (&, ¢, isﬁfin&eeﬁ&:wellQéefineﬂ.

e =

Li‘Now,_let a fixed measurable space (2,Z) be éiyen, and
let'(wl, wz,...) be a sequehce of pseudomeasures on (A,Z).

For any corresponding sequence of measurable sets (El' EZ,._.)
wh&eh partition A, we define a new pseudomeasure on (A L) as
follows, VFirst, restrict each wi to its corresponding set EiQ)
(Recall our convention concerning equality of length of these
sequences). Second, také the direct sum of these restrictions.

The result is a pseudomeasure~m%éeh xs, intuitively, obtained

by patching together pleces of the origlnal wi’s. We shail
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denote this pseudomeasure by ¥, so that

<© N {t.9.7)
Vg = (wlIE )‘ ® \(wzlmz)‘ L T <R

vy IE being the restriction of wi to E;.
(6!
This construction bears a strong resemblance to ﬁha

'—expresstcn“ftﬁi*ei—see%ian—5~ Recall that i%$i which is
ul(El) oot Uy (E ), was the social valuation of the allocation

(E rees By )e each agent placing his own ‘evaluation (in dis—
! #Mﬂ" ot
counted dollars) on the reglon he controls. (7) is the

natural generallzation of=4&h% with everythlng now being in
terms of pseudomeasures rather than numbgrs.
The last theorem of section 6 stated that the n-tuple

(Ei,...,EE) partitioning A migimizea social valuation iff it

was an extended Hahn decompositlon for the n~tuple of signed
-

~

measures (ul,...,un). Is there a corresponding generalization

anOlVing (7)z?

The answer is yes, -ptuv&&ed things are deflned in the
‘right way. First, we must generalize the decomposition conZ
cept'to pseﬁdomeasures. Second, we must spécify(in what sense(s)
the term "maximization" is to be’understood. What ordering is
beﬁ#g referred to L»narrow ordering of pseudomeasures?
standard ordering? etc., and is the "maximizer" greatest,;or

merely unsurpassed? Imn—fack, we get a richerﬁkas well as more

general, theorem by distinguishing these alternative meanings.
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W

&éaw  Definition: Let (A,Z) be a measurable space, and (wl, wz,...) a

sequence of pseudomeasures on (A,%). The corresponding

.

£
&Egi/i sequence of measurable sets (EI, ] ,...) is an extended Hahn

decomposition for (Y, VYysees) iff {El' Ez,...} partitions A,

-a.nd' for all l’ j = l’ 2,.0-'

.4,%)

— - (

P 0y \
| \ a (b = ¥y (E$) = 0. : .
\! s | ——— »
\Feoy / f““ Here ~ denotes the lower variation of ¥, just as ¥'
denotes the upper variation. () states that by is at least
e P 2
as large as wj (in the sense of narrow ordering of pseudoZ

measures) whéh both are restricted to E%. In the case wheh

¢- and Y. are both bounded signed meaSuresJ (€) reduces to

3
tﬁ&-aﬁ:ggntgggiéq\hence this is indeed a generalization of the
same coacept defined in gection”ﬁ.

~ How let (wl, wz,...) be a sequence of pseudomeasures on
measurable space (A,I). We consider all pOSSlble corresponding
sequences of me%%urable sets (E;, Ez,...) such that {El, Ez,...}
partitions A. With ea&;kfuch sequence is assoclated a pseudo?

fc v measure‘w by the rule (7), giving us a set of pseudomeasures,

}\

--."‘

“p W Y. Let (E E$,...) be one particular such sequence, with

its associated pseudomeasure wE, € W

~ .
f:)u%@n(”Theorem: Each of the following five statements implies the other

fj); ., Reur:
/ v
g 7 )g(i))(Ei, E%,...) is an extended Hahn decomposition for
A ’.‘\‘N a‘ P ”« .
3‘:}}}"““:‘ N z(¢li wzyﬁto)/;:\
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i
(ii)}wEg.is greatest in the set Y;, in the sense of narrow
ff““a 5ordering of pseudomeasures;
{ ‘y \
H| (1ii)) wE, is greatest in ?E, in the sense of standard ordering;

‘V(lv) wEQ is unsurpassed in ? in the sense of standard

ordering,

(
”@“(v) wE, is unsurpassed 1n'Vﬁ, in the sense of narrow ordering.

f%ﬁ« Proof. (%i) implies (%}i) implies (iv) im@lias (v): These

j follow at once from the fact that standard ordering extends
(/“\ narrow ordering, and,the definitions of "greatest" and "un2
J , * ;
;12’ surpa$sed?{}'§

Cto complete the proof, we show that (i) implies (ii), and
(v) implies (1). )
% ﬁ; RUE :é;Let.ii) be true, and let (El' Ez,...) be another feasible
: sequence, PFor any i, j = 1, 2,..., it follows from {(7) that
?fgﬁ_restricted to Ef is the same as vy restricted to E%. and

Yy restricted to Ej is the same as wj restricted to Ej. Hence

< %% | = aakl & s 5 L.49.9)
uwﬁg i ")E) (Ei n Ej) - "pi e &Pj) (E§ N Ej) = 0-* "(‘9‘}

(The last equality in (9) follows from (8)f.

: Summing (9) over all pairs (i, 3), where i, j range
] \3?!
independently over|l, ?,..., we obtaxn 5

s

—

A

b
(e - =E> () =0,
SA " .
wh&ahfgsy by definition, ¢E° > wé]iﬁarrow order) Since wE was
S\Jrc e
an arbitrary member of %f wE“ is greatest under narrow ordering.

-

S

W
T

P
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e

S enmcrminsmsm e

. if This proves that (i) implies (i)
- ﬁﬁ.The last part is a little more difficult. Assume that (i)

is false, so that there exist indices m, n \for which

S ———————
[

= L.q9:10)
(b = ) T(BS) > 0. 1)

e ———

We “shrall now construct a feasible sequence (El, E2"") whose
associated pseudomeasure wE surpasses wE! (narrow order),
proving (v) false.

Let (P,N) be a Hahﬁ decompositiqn for the pseudomeasure

?m = ¥,+ Define (E;, E,,...) by{

% 2 ° 1l ° o i1
| \Emw_EmﬂP/KEnaEnU(EmnN);j\}_j\ ‘ g

E., = E% for all i = 1, 2,... other than

%Erii = n,

Hote that m # n, from (10). Hence (11) is wellwdefined

N

and the seguence (El, E2"") 8o defined is measurable and

partitions A.

rlicdore acibn :

AwE derived from this sequence coincides with wn when both
are rSstricted to En' Alsoleg coincides with wm when both are

i o 0 o
restricted to E2. Now @m N N is a subset of both E and_gm.

Hence
1 ‘X ( - (e o - ) (B2 n N)
. 1\ Cxéf ,E; Wgﬁ-’ ?g? ( @ nw = (¢m Wp g "X (chﬁ.!zﬁ
X ;.yg st s

2= (- v 7B > 0.
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second from the fact that (P,N) is a Hahn decomposition of

Y \¢ ; the inequality is (10).
o 8, Mt

( |~ The first equality in (12) arises from substitution; the
‘ . %&
§ 2L/ W A (12) implies that ¢E° ? ¥y (narrow order). It remains to

show that wE > ch, which will prove that wEg is surpassed, We

do thls by proving that

“.2.13)
(Vg - E,) “(B;) = 0 3)

“_;a (' L
for all i =1, 2,040 & ;(13) 13 in fact immediate for all i

other than i = n, since,hwhen restrlcted to gi,,both Vg and
wE° coincide with‘wi, hence with each other. :
This leaves E ; we consider 1ts two pieces, E—'and
I ‘ %
(h‘ N Ne separately; xOn E«, wE and wE‘ again both coincide
with ¥, On (Eg 0 N), Vpo ‘coincides with Yy, and Yy with ¥y

- Hence

¥ <(¢E - Yge) (EZ AN = (Y, - V) (B2 0 ) -

N
|}

ggy i*“
Hence (13) is true for all i. Addlng chr i, we obtai?;>

for

< (b, = y,) () = 0,

> (g - wgo)n(A) = 0,
N ( "‘ -
which isé’wE > Vgoo Combined with Vge £ wE' we find that ¢E°

is sg;passed, so (v) is false. ‘ﬁence (v) implies (i), amd=the
| proof-is.complete, J%%E i?!ﬂ
i 5
B o T
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The ;Orresponding theorem ingectionég/» asserts the
equivalence of (Eg,_g%,.,,) being én extended Hahn ﬂeéomposig
tion and maximizing ul(gl) *oae? un(En). These statements are
specializations of (i); and (iii) 6: Tiv), réspectively: The
maximization refers only to "standard oraering in the realm
of bounded signed measures -hhut«is, based on the value
asslgne& to the universe set A. By adding the specializaticns~
of statements {11) and (v) we get a stronger theorem in the
realm of boundea signed. measures. Thus we find that an
extended Hahn decomposition maximizes social ﬂaluatlon not only
on A, but on_ggggxlmeasurable set simultanaously, this follows

from (i)*s implying (id).

To the five logically equivalent statements just mentioned

two more can be added; b any of the five statements
.impiies, and is implied by, the coﬁ%iiion‘that "wEl is greatest
in the set W under any extended crd&ring of pseudomeasures”
This is the first statement; the second is obtained by
w(‘—j;;placing "greatest" by “unsurpasse&“' These may be inserted
in the chain of implications betwgen‘statements (iii) and {iz);
this follows from the fact that any extended Qrdering is an
extension of standard ordering.
The economic interpretatlon of this theorem is the same as
in section 6. It expresses the extended Hahn decomposition

property as an extremal property. fSince, as will next be shown,

a sequence (§1,.§2,;.;) is such a'éecomposition for (wl, wz,...)
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iff it is a market equilibrium, it also will have demonstrated
an equivalence betweeﬁ market equilibrium and the maximization
of social xaluatiog)just as in~§ectioni6.

Let us mow return to the féal~estate market, We now have
a (finite or infinite) seguence of agents. A market eQuilibrium
will consist of a corresponding sequence of measurable sets,~
gﬁi, Eg,...b and a rental pseudomeasure, Y2, on (A,I). Here
_E%.will-oi;counsa_be that region falling to the control of
agent i, and these sets must partition A. Agent i will prefer
region E% at least as well as any other region, given y°.

- But here a slight problem arises. How should the pref-
erences of agent i over regions be represented? In the bounded
signed measure case, agent i had the utility function

(c.a.14)

,gi(E) - ui(E) - p2(E). =
In the general case one naturally expects utility to be pseudof:
measurélvalued (and to reduce to (14) when all pseudomeasures
are in fact bounded signed measures). One's first impulse is
to assign to set E a pseudomeasuré restricted to B But this
will not do: ﬁseudomeasures are coﬁparable only if they are
defined on the éame measurable space. Thus if U, (E) were a
pseudomeasure with universe set E, no two regioﬁ; would be

comparable.

\ﬁ ﬂ“;> This difficulty is easily resolved! -Namely, with region E

e )

(g 4:l9 /

[(o; = v2)|E] @ [0] (A\E)]. = xs)

£ /"
/21{7 we associate the pseudomeasure
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X'f
Vol
This is the direct sum of (wi - ¢°) restricted to E, and the

Zero pseudomeasure restricted to A\E.’ All pseudomeasures (1L5)

l«@wf =

~are over the space (A,I). wi 1srmaf"ccur$e, the generalization

of ui¢ and may be thought of intultlvely as giving the value to

agent i of the various regions, gross of any rental outlay.
(More exactly, the_pseudomeasuregiwiiglﬁ[ﬂl(A\E)] gives .i's
gross evaluation of regionlgfi}; 3
Qﬂ?»ﬁ§ﬂglx yegifigs'that,éif ¢i and ¥° are bethlbaunded '

signed measuies;fthan (15) un@ér sﬁéndard ordering in effect
reduces to (14), with My = wi+;{m¢i y ue = (po)t - (¢m)
w{%hé%hié,ﬂboth (15) and (14) determine the same preﬁerence
ordering over regions in this case). Thus (15) seems to bhe

the natural generalization of (14).

Consider the fésult of adding ¥° to (15).. It is
[v; |E] ® [pel(a\E)]. - | tr6)-

The verification of (16) rests on two chservations. First,

2 : (6.4
' (bes™ el
v = [VE] @ [v](A\B)]

Second, that
vy [E] ® [w2](A\E)] %({(wi - ¥2) |[E] @ [0] (A\E) 1) (LG

07 o - j(wslm ® [w'fl(A\E)Q.

~. which again is a special case of a theorem concerning sums of
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direct sums. The verification of (17) and (18) is left as an

exercise. The corresponding transformation of (i4) is
| ; (©.911)
My (E) + u2(A\E) . x2)

- New, since (15) and (16) differ only by a constant, they
determine the same ordering over regions E, whether we use
narrow order or standard order (or any other partial order on
the vector space of pseudomeasures ﬁh&eh is determined by a

convex cone). This follows from the fact that, for any;three

_pseudomeasures, e, w : w . over (A,Z{#/>

= w » w iff w + w° ; w +f¢°

whereq3>gqétands.for any such partial ordering.‘

‘_a Hencé the utility ofg?ééion grfor agent iuéould just as
well be given by (16) as by (15). /(Similarly, in the special
case of béunded signed measures, ﬁi(E) given by (189) yields the
same preference ordering over regions as Ui(E) glven by (14)).

Now let (El' Ez,...i-%egether with ¥°, be J'&eal—estate
market equilibrium.. This means that, for each i, Ef maximizes
(15){ or, equivalently, (16). ;But what does "maximize" mean?
Does it refer to narrow or sténdard ordering, and does,ﬁi
maximize in the sense of beiﬁg greatest, or merely unsuréassed?

Our preceding theorem fﬁrnishes a complete and satisfying
answer to these questionsC? iﬁnm&kg gor the utility functions

(15) or (16), all of these seppes of the term "maximize" are
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equivalent: Ef maximizes in one of these senses iff it maximizes

in any other sense. Furthermore, by the same theorem, a
necessary and sufficient conditlon that Ei maximize in any

(hence all) of these senses, 1s that the pair (EI' A\Eg) be an

‘extended Hahn decompositian for the pair of pseudomeasures
(yr ¥2).
The preceding'theorem refers to sequences of pseudomeasures,
N

3

(wl, wz,...), and corresponding sequences of measurable sets,
(El, Lz,...) wh%eh partition A., ‘The statements above are |
nothing but the special case in which these sequences are merely
pairs. Thg statement that’ (El, A\Eg) is a decomposition for the
pair'(wi, ye) comes from the utility function (16). If instead
¥e use (15), we find that, equivalently, it is an extended Hahn
decompositioh for the yair (wi_- 2, 0). Furthermore, it folzi
lows at once from the definitions that these statements are
true iff (E%, A\E{) is:a Hahn decqmposition for the pseuﬁo%l
measure wi - e, Thus‘we have seven or eight logically equif:
valent coéditions on the set Ef.

With these preliminary coﬁments out.of the way, we now

ot : '
state a result whieh directly generalizes the first theorem of

b
ﬂlﬁy# section 6,

g?a;« - Theorem: Let'(wl, wz,..,) be a sequence of pseudomeasures on

: - ““L \!z \C4 4 4
;kIQK measurable sets ﬂhééh—partition A. Then pseudomeasure Y°
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satisfies one of the following two conditions iff it satisfies
i,i»(_.§& the other:

(W 3 A

>4 ?(i) For each i = 1, 2,..., (Ei A\E°) is an extended Hahn

wdecompositlon for the pair (wx’ $2) j

W JY () Efor all i, i=1, 2,... (with i # j) we have
Y ¥ b £ :

(L.9. 20
(?}lgi) A (¢3‘§§) X (?jlgi)fug

%f&atwas, when all are restricted to Eﬁ the three pseudol
i

measures are narrowly ordered as 1ndicated)

Furthermore, ‘there exists a ?ngatxsfying one (hence both)

of these conditions iff (E§, E$,...) is an extended Hahn
decomposition for (wl, wz,...)

x

e

-jﬁﬁlﬂwProof: Condition (ii) may be rewritten as{

(b.q.21
(g = )7 = opllve = vy)7T(ED = 0, 2
gfiZj while condition Sg) is
. & o 4] = (b4, 22)
Wy - v TED = agﬁkw’ - ¥ B = 0p 22)

both holding for all i, j, i # j. The left conditions in (21)

e s———

and (22) are identical. The right conditions are also identical

except for the interchange of indices i and j. This proves

o IS

| condltions (i) and (11) imply each other.
| e

LﬁANQXt' suppose Y? exists satisfying these conditions.

From
(20) we obtain
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» (6.4 23)
(wi -.wj) (E2) = 0 29
,»4x for all»}, j (with i # j). But (23) is exactly the condition
iil; (8) that {§i, 33,...) be an extended Hahn decomposition for
xwﬁf

(wll wzi"‘}'
Finally, suppose that (27, E3s+s+) is an extended Hahn

decomposition for (wl, wz,...). Let 9° be the pseudomeasure

(G924
24)

(v, |ED & (Y, [ES) ®... .

We then obtain

(4. %5)
~25)

S AR ot s

(W2 |ED) = (v |BD > (yylmp)

for all i, j = 1, . WM equality in (25) comes from (34);
the inequality is the same as the decomposition céndition (23).

Since (25) implies (20), the proof is complete. $+Tf yu/

According to the discussion preééding this theorem, condi-
tion (i) holds iff & maximizgé the utilit¥;gf agent i, (15) or
(16), for all is that-is, iff| (5§, BS,...), combined with P,
is a real-estate eqﬁilibrium.g Hence thiégéheorem states that
the condition of being a raai—estate equilibfium is logically
equivalent to being an extended Hahn deédmposition,lfor a given
sequence (wl, wz,...). . ; . :
Furthermore,>(20)vgives a necessary and sufficient condi-
tion for Y° to serve as thé rental pseudomeasure for the given

eéuilibrium (B, E%,...)._ The economic interpretation of (20)
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is the same as inasectiod'G: For each EP, P° lies between the
£ (ot )
highest bid and all the others. This generalizes {4)-of
section—6- '
Our next result generalizes the "uniQueness“ theorem of
o : 4 .
_section 6 concerning decompositions of (¥3, ¥yse..)e In view
of the theorems above, this also fixes the extent to which

J%% market equilibr1a5 and maximizers of "social valuation", are

unique.

a?j. Theorem: Let (wl, wz,...) be a sequence of pseudomeasures on
1 ’ S i “V»\, if v
space (A,I), with extended Hahn decomposition (E’, Eg,...): let

B
(El, Ez,...) be another sequence of measurable sets‘jhich

partitions A (and hgiiag the same length as (Ei, 2,...)).
Then (El"ﬁZ"") is also an extended Hahn decomposition
iff e
! (©.9,26)
& lvg = ¥yl (Bf 0 Ey) =0 s (286)
g1 for all L, § = 1, 2,0.. &

e

Mwiidﬂiﬂproof: Let (El, Ez,...) also be an extended Hahn aecomposition,
so_that (wj P )”(Ej) a0, stk A el Trees .' This can

also be erttenA‘ &wi w Wj) (E ) = 0. Also, (wi - wj (E%) = 0)

B
IS\ since (Ef, E$,...) is a decomposxtion. ‘Hence
;E} 1 2’ |50 i g : ;  !¢? :
T vy vyl BEnBs) oy < ¥y) " (BF 0 Ey) + (0 - vy T(ER 0 Ey)

+ “(we
b (wi 53 Wj) (Ej) + (wi o wj) (ﬁi) = 9'
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for all i, j = 1, 2,... . This ylelds (26).

3 = ELConversely, let (26) hold. For'all i, k=1, 2,..., we

% obtain

§ {

| — , . _ .21

; (b = %) (B n E;) < “’i - ¥l (E-nE) =0, n

] ” ‘ _ :

§ from (26). Also, for all i, j, k =1, 2,..., we obtain

5 )

| oA s (0 4.2%)

] - P o - ° (

% (y = 05)7 (B 0 Ey) < (o - ) (BR) = 0. (28)

»é since (Ei,,B%,...) is a decompasition:’::>

< But also :

i s @ 5 ' »"f A28 )
is true for any three pseudomeasures wi, wj’.wk' (This follows

: 5 oy of & PpSen asureé,

from the minimizing property of the Jordan ﬁgssggegiilgnlfwuﬂﬁ 3 )
From (27} ,~428),—and (29), we obtain

i h {6930

]

H

! for all i, j, k=1, 2,... . Finally, adding (30) over all k,

§ we obtain .

T2y - ) T(E) = 0,

e

; ”ﬂ;éllli, 4w 1, 2,040, 80 that (gl, gz,...) is indeed another

extended Hahn decomposition. ,}+Tﬁfgll

o A
(P2

34) of-section 6. /,/1‘ he

<

7 Jufee
O Lﬂﬁ;"(zé) is a direct generalization of

(] 1;*,'.&;,_?'\,, 3
economic interpretation of {(i4) discussed-in-that-sectien

carries over to (28).
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Our final result generalizes the existence theorem of

G
' section 6. We have saved this for last because it is the only

=

'result~2§;ch demands just a finite number of agentsp Every
othar result generalizes to the countable case. Indeed, the
counterexample already given in section 6 shows that a countably

infinite number of pseudomeasures X not have an extended Hahn

deccmposition.
H“““éihﬂ-
CI$ Theorem: Any n~tuple of pseudomeasures&g(wl,...,wn)k_on space
;ii}E (A,Z) has an extended Hahn decomposition.

Mfﬂﬂ?;/‘méroof- By induction on n. First, fof ns= 2, 1et'(P N) be a Hahn

decomposition for the pseudomeasure wl - wz. Then

P - ¥y Wz) (P) = 0, and also
by = 970 = (; - v)* W) = o,

so that (P,N) is also an extended Hahn decomposition for the

Lr
paif (wl' wz).

/V’L q ext, assuming the statement holds for n-l, we siFa¥l prove
~ it fox n. We have, then, a measurable n~1 tuplek (El,...,E l)f
wh&ch partitions A, and for which |
a (6.4.31)
(wi ” wj) (Ei) =0, {31)

for ail i, j = l,q-’n;r?‘.“lu

For each i = l,...,g-l,dlet (gi, Ni) be a Hahn decoméosie

tion for ¢, - y_, and define: I 3
i n i (b 9%%)
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fOr ’é.“ "= 1;0 L) ’;1'"1, and
40 i {‘4““‘?;;:’;,3}

| We shall prove that (E§/...,E2) is an extended Hahn

decomposition for (wl....,wn). It clearly:partitionsgg.

For i # n, j # n, we have

(wi o ﬁlj)“(E-%) 1 (ﬂ!i " ‘i’j)-(Ei) = {,

g = ) TOED < Oy - ) TRy =0,

N

both from (32).

:
; It only remains to show that
| v /( g .2 )
i RmE : (C4.34)
(Vg = ¥y) "B =0, (34)
| for all i # n.
5 For any i, j = 1,.0.,0=1 we-ﬁave
] ] ( 4,35 )
, - B 0 Na) » D '
! (?2 W;) ( i n fi) 2, 35)-
from (31). Also ; '
_ (6,9.3¢6)
- P.) (B N,) < (y. = T (N - {36)
. (W? wJ) ( i n “3) ﬂ_(wn wj> ('j) =
(35), (36), and (29) imply that
. { ,{,,,-:”?(‘?;a'}*‘
i (wn - wi) (Ej n Nj) = 0. 37)

Adding (37) over all j = 1,...,n~1, and noting (33), we obtain

(34). This shows that (gi,...,gg) is indeed a decomposition for

(Ygre00s¥,), and completes the induction and the proof. l}{iféj‘f

e i u——

e r—————— S
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; i
( }ﬂ“ji Appendix: The Vector Lattice of Pseudomeasures

We shHall-briefiy indicate some algebraic consequences of

the results of the last section,f—Ehese—arE“réiégateéwto an
appendix because they are not applied in this books but they
are of interest for the further mathematical development of

pseudomeasure theory.
Consider the vector space of all pseudomeasuresﬁ\wh&on

measurable space (A,I). Let {wl,...:w } be a finite non+empty

subset of ¥, and suppose that wo_has tgc following properties;

£ wo > w o for all i = 1,...,n ?“3“ refers to narrow order

throughout this section)-qwt&}

s, o
s -
R i

(Ll) for any ¢, if ¢y > wi for all i = l,...,n, then ¢ > w .

, st

]

CF%;"f D@finition: Such a pseudomeasure y  ( if it exists) will be

called the supremum of {wl"“'w 34 Simllarly, a w satisfying
o) i (i) and (ii), but with “>“ replaced by i'<",, will be called the
infimum of {wl,...,wn}. He-—shedi-make the usual abbreviations,

_sup and inf, for these‘operaticns.

, ﬁ#_i;j”{wl,...,wn} has at most one supremum; ,I%r.lif Wé: ?g both
- satisfy |[(1) anda (ii), then by 2 ¥g 2 ¥i. Hence Y, = Vgr Since
narrow order is antisymmetric. Similarly, it has at most one

infimum.

Theorem: Any nonfempty finite set of pseudomeasures, {wl""'wn}':

on space (A,Z){\has a supremum . and an infimum. The supremum is,

-m—faes, given by
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éiBJ 0

” 55 ) (‘iﬁ;’?"?—"’{}
y Vg = (wllnf) ®...0 (w |B2), - €38)

where (Ef,...,ES) is any extended Hahn decomposition of

le,...,wn). The infimum is given by

= supl{=y,eee,=v 1. £39)

Proof:; We know that an extended Hahn deacmposition exists, so

there is at least one pseudomeasure of the form (38). We also

(El,...,E ) a-wharé‘kEl,...,E ) is a measurable n~tuple~wﬁieh
partltlons A, 8

In particular, take the n=-tuple (¢,...{§,...,¢), with the
universe /[set in placesi, the empty set everywhere else. The
pseudomeasure of form (38) corresponding to this is simply Wi'
Hence w 29, 88 1= 1,...,9, 

Next, _Suppose Y > w xﬂ‘«i = 1l,...,n, for some !l’} This

& lmplleg}(w - w ) (EB) = 0, i%1l,...,ns Now w coincides with
w when both are rsstricted to EI' Hence (P - w ) (E?) = 0

sy

for all i. Adding over i, we obtain (¢ - w ) (A) = 0 u%shat-

;zbwz_wg- :
Crhis proves that Y is/indeed the supremum,

aA oJ = i
N Let Voo @bbreviate (33). We then have VYoo 2 =V¥;. all i,

N S P S = S R

L .

and if ¢ > -9;, all i, théé ¥ > =¥, ,» These are the same asé >

N\
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5 X @ /\ »
{ ¢oo j_wi, all i, and,‘if - w< wi' all i, then -y < woo' which
in turn is the same as (1) and (ii) with signs reversed. Hence

Voo is the infimum. jJJéggwlv

i,

—

m“,,n'“'quﬁ“m‘ A number of corollaries implicit in this theorem illuminate

. diswssion,
the concepts of the preceding sectiesn, First, the supremum is

defined for a set, while the expression (38) is in terms of a
particular ordering (wl,...,wn) of the elements of this set.
A moment's reflection shows, however, that ﬁhe ordering is
irrelevant. Indeed, a peimutation of (wl,...,@n)_leads to a
corresponding permutation of the decompcsition"?Ei,...,ﬁg).
This leads merely to a change in the order of the summan&é in
(3@),Aand-%h§s-yields the same pseudomeasure.
éecbnd,-even though there may be many extended Hahn
decompositions for (wl,..,,wn); these all'must yield the same
pseuaomeasure {38), since th;‘supremum is unique. L
{yﬁﬁiiﬁ Sup {wl,...,w } is exactly what was referred to ilfzﬁé-
= v B e ] as»the social valuation of the real-estate

equilibrium, This provides a concrete interpretation.
\

The fact that the sup’and inf always exist means that ¥

is not only a vector Spacepzbut a lattice (with respect to
B

T~ narrow ordering). g :

thgwuﬁ*ﬁmm~ _____ We conclude with some (fairly difficult) exercises:

fﬁ#‘ Show that, for any two pseudomeasures wl' wz € g,

supl{y;, ¥,} = 3—(4:3; + Yy +|y - wzl))
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inf{y,, ¥} = %;'("’1 iy - H’l - xpzl)m,

{Here the total variation ]wl - wzl is of course a measure,
which may be identified, as usual, with the pseudomeasure
(vg = w51, 0)r2~ '
(Hintiwwthémﬂahn decomposztxon of $l - wz is the same as the
extended Hahn decomposition of (bys wzﬁ)

o6 If wl, wz are measures, show that these operations

coincide with the ordlnary sup and inf of measures (defined in
-ehapter-3., section . R

Abid) Show that Y under narrow order is in fact a distributive
lattice; that—ig -

for any three pseudomeasures Y,, Y., P, —
< 133 5y AT

)
lnf{wl' sup{w?.' lba}}a Sup{inf{‘pll il’z}. inf{‘f)ly \PB}}p
| A e BV R
i and a similar equality holds for *inf" and sup” interchanged.
(Hint:

First do the special case wl = 0; take a Hahn decomposiZ

tion of wz - w3 and do each half separatelym;

TR e

i 4w}  Under standard ordering, show that ¥ (partitioned into

indifference classes) is not a lattice, unless I is a finite

a%é%a-fiald. In fact, show that wl' wz have a least upper

bound under standard order iff they are comparable under

standaxd ordeétXi.eg&'iff wl - wz is a signed measure).

i
|
i
i
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FOSTHOTES = CHAPTER 6

V(;;If Az = 0, tiwen (4) states that b is a distribution
4
function for Al,:in the wide sense., This is go I::nsscaus’a-/q7
we have defined distribution functions to be continuous from

below, which in this case means{ from the past.

&;}“2The real-estate market is eépecially rich in having

diverse agents with interests in the same parcel: owners,

developers, builders, tenants, holders of easements, government

agencies, eke. See R. Turvey, The Economics of Real Property

ARAD ¢ /
(Allen and Unwin, London, 19575 pages 4=5, and W. L. C.

Wheatonrw“Public and Private Agents of Change in Urban

Expansion®”, in'Explorations into Urban Structureq M. M. Webbergl o ,,

et al}'(ﬁniveas&tyaoi Penasyémanma Bress, Philadelphia, 1964),

iy .
, %&ﬂ~w*““?he separation of ownership and control" as a social

problem was first broached in connection with corporations.

See A. A. Berle, Jr., and G. C. Means, The Modern Corporation

and Private Property (Commerce Clearing House, New York, 1932),

our analyai%’%ndicates_this separation is a universal
phenomenon. It is truw that, in the corporate case, there are
special lnstitutlonal obstacles to having the assets revert to
the control of their 1egal owners. But compare this situation
with the case of self-perpetuating boards of trustees or church

hierarchies, where there are no legal owners at alll

‘g\(é Bc‘l‘w\ch‘r

D rbnm! (W7 P ):l C° S" P
1l ( tsf\t;q1¥“j?. et &u‘ *ﬁmat{f1V¥sz
"Mmﬁ ”)é€> "’”"Qj of Hee “"““‘“?S deseribed o thi

GYT\L\Q 15 iu\\'e wlehT\u.l w\{’l 1Le, owe we Qare MS\W().

e ——
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T . :
5%? See G. S. Becker, Human Capital (NaE%enai Bu&g&&ﬂ&f
Economie Resgareh, New York, 1964), chﬁpee£72, for an extended
analysis.

"x( g

' A3 md 24O
Q%SEBG. S. Becker, The Economics of Discrimination (University
1
of Chlcago Press, €hitago, 19&), ﬁs

“Tﬁ@?ﬁﬂ%ﬁﬂ?ﬁfﬁﬂi

: s fa ﬁg
thb\spaee ofog\lded‘hignad

&

i

“aNoﬁ'aii 1fnehr fuﬁe#xgns

s,

moeaSUres ‘ém

9 ;?Strictly speaking, (i) is not a special case of (a),kk

because the function g just given is not boundedﬂ and bacause

s

(2) is valid only for the subset MY, fﬁ{,b,ﬂ%t

?..sbne could insert an intermediate step here, deflatiﬁg by
a price index P(t) to get measurements in "constant dollars@@
For consistency, one then Hééf;a subtract the "rate of infla-
tiod§¢ Qg(t)/P(t)ﬁlfrom (4) to get the "real" raﬁe of discount.
,ﬁ= then proceeda as a*eve, with "real" or "constant" values in

place of “current“ values.

| qr:ﬁyJ. R. P. Friedmann, The Spatial Structukre of Economic

Development in the Tennessee Valley (Unive:s&#yaeﬁ-ﬂhlcago Press,

Chicago, 1955) ésages 35, 42-43.

o~

‘ ’
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&3 “This is a special case of what we shall call Thiinen
systems, which are examined in great detail in chapter 8.

~o

ggéew Alonso, Location and Land Use (Harvard Univers%%y

Press, Cambridge, 1964). The heart of the theory is in
chapters 3, 4, 5 and appendices AEEB. W. Alonso, ®a
ﬁmformulation of zia;;ical pbcatioh Pheory and‘zis,ﬂélation

to Xent ?heorgﬁ Regx@nal Scieuea Asscctaﬁ*oa Pape#sﬁ\qfﬂ) 5

44, 1967, at page 41.

p-
e N

££§§:§§Shape is considered by Alonso in Appendix B of his book.

We discuss this below.

&lehere is one mlnor exception to the statemint that this
section generallzes 6 6. The existence theorem there is wvalid
for arbitrary smgned measures, not merely smgma~fin1te ones,
Since psauﬂomeasures generalize only géggg—fmnlte signed _
measures, this theorem is not completely encompassed in the
present results. The existence iheorem is also the exceptional

theorem mentioned above.

™ 4 ¥Reca1l that, for any pseudomeasure , |y| is a_measure

called the total variation of ¢5 and is equal to w+ + P,

Vi A Vs n?)/-b’t‘&'“"
ﬂrwag%m' Birkhoff, Lattice Theory (rmeriean Mathematical Society

CO1103§§um Pub%%ﬁaE£ena ol e—25., Providence, R. I.,ih&k1dg,1967).
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ﬂo ﬁ%‘ ‘I‘he premium is known as "plottage valuefg Ae M,

Welmer and H. Hoyt, Principles of Real Estate (Ronalci New York,
J
—4Eh-ed, 1960), -gageszafi-;-gss.

o

> B
rfﬁ C P. Barnes, b'Ecxmcrmi<::s of the fLong-lot Farm,®
Geagraﬁami Rev—irew 25 298-30}. Lm:ss, M.v(‘hleholm, Rural

Settlement and Land Use (Hutchinson, Londq;n, 1962), npéqe 156.

’4%#, If ul,...,u are all sd@ma flnite, there is an
affernative ‘--*-k but less straz.ghtforward{g-—- proof based on the
Radon=-Nikodym theorem. Cf. the prooffof Theorem 2 of L. E.

Dubins and E. H. Spanier; How to ¢ut a Lake vp‘airl.f‘"\", Mnerican

Mathematdeald Monthly, 68 1-;-;17,(1961;4 reprinted insReadings in

\

Mathematical Economics 'i\ ?. Newman:"fedﬁ_ (Johns Hopkins Press,

Baltimore, 1968)4 vol. 1%

——,

7

63%1 a‘l‘he first use of this ccn‘,éept is by R. J. Aumann,

——

S™parkets with a Zontinuum of ;l"“:r:ai';dﬁfz::sa,,‘"é EconomettricaN 32!‘:39-},50 s

-

(Jangury-—Aprﬁ.., 1964),3’ repriqa-‘&eﬁ :m AReadlngs in £ : A
Heononies, ’1&. Newma.n (ad i) (-éiem-ﬁopkxmm Press,.

e

Baltimore, "k%«&ﬁp-%-}:v"—%" An extensive literature has grown

up since then.
R

N \ !
\k Eco:mmetrz.ca 3,..,.39 m@%

7:,_& 'L




